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NIEP and SNIEP

The nonnegative inverse eigenvalue problem (NIEP):
When is a list of n complex numbers

o= (A1, 2,...,An)
the spectrum of an n X n nonnegative matrix?

The symmetric NIEP (SNIEP):
When is a list of n real numbers

o= (A1, 2,...,An)

the spectrum of an n X n symmetric nonnegative matrix?
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NIEP: Necessary conditions
The spectrum of a nonnegative matrix

=012, M)

satisfies the following conditions:
@ o is closed under complex conjugation.
@ s =>" AN>0fork=12,...
©® The Perron eigenvalue

A = max{|)\,-|; A € U}

lies in o.

O JLL-inequalities
(Johnson (1981),Loewy and London (1978)):

s < n™ s

forall k,m=1,2,...
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SNIEP: Additional necessary conditions

@ The spectrum of a symmetric nonnegative matrix is real.

® (McDonald, Neumann (2000)) The spectrum of a 5 x 5 symmetric
nonnegative matrix A\; > X\ > ... > A5 satisfies:

A1+ A3+ A >0
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Sufficient conditions
Several constructive techniques.

Suleimanova(1949), Perfect(1953), Ciarlet(1968), Kellog (1971), Salzmann
(1972), Fiedler(1974), Borobia(1995), Soto(2003), Holtz(2005), etc.

Involved relations. Marijuan, Pisonero, Soto(2007)
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Soules approach

Definition

Let R be an n x n real orthogonal matrix with columns ri,r,...,r,. Ris
called a Soules matrix if r; is positive and for every diagonal matrix

A = diag(A1, A2, ..., Ap) with A\; > Ao > --- > )\, > 0, the matrix RART
is nonnegative.

Theorem (Soules(1983), Elsner, Nabben, Neumann(1998))

Let R be a Soules matrix and let \ := diag(A1, A2, ..., An), where
A1 > )Xo > .-+ > \,. Then the off-diagonal entries of the matrix RART
are nonnegative.
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A Recursive Approach to the SNIEP

Theorem (S.(2004))

Let A be a nonnegative matrix with spectrum (i1, fio, ..., jtn) and

diagonal elements (a1, as, . . . an—1,¢). Let B be a nonnegative matrix

with Perron eigenvalue c, spectrum (c, Az, A3, ..., \m) and diagonal
elements (by, by, ..., bm). Then there exists a nonnegative matrix C with
spectrum (fi1, [2, - - -, [iny A2, A3, . . ., Am) and diagonal elements

(31732, ceey an717b17 b25 0009 bm)

Furthermore, if A and B are symmetric, then C may be chosen to be
symmetric also.

Definition
We say o € H, if it is possible to construct a nonnegative symmetric

matrix with spectrum o by repeated use of theorem above, starting with
2 X 2 matrices as building blocks.
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A Recursive Approach to the SNIEP

Theorem (5.(2004))

Let A be a nonnegative matrix with spectrum (i1, fi2, ..., jtn) and
diagonal elements (a1, a>,....a,-1,¢). Let B be a nonnegative matrix
with Perron eigenvalue c, spectrum (c, Az, A3, ..., A\m) and diagonal
elements (by, by, ..., bm). Then there exists a nonnegative matrix C with
spectrum (pt1, [t2, - - -, [iny A2, A3, - . ., Am) and diagonal elements

(31, a2,...,dn—1, bl, bg, 000 bm).

Furthermore, if A and B are symmetric, then C may be chosen to be
symmetric also.

Definition
We say o € H,(a1,az,...,a,) if it is possible to construct a nonnegative
symmetric matrix with spectrum o and diagonal elements (a1, az, ..., a,)

by repeated use of the theorem, starting with 2 x 2 matrices as building
blocks.
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A Recursive Approach to the SNIEP
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A Recursive Approach to the SNIEP

1 1 1
2 2 V2
A=XiAXT Xi=| 5 5 —J5 | M =diag(7,5,-6).
1 1
vz v 0
1 3
20
B = XoloX] , Xo = ﬁ ~55 U5 | A= diag(6,—2,—4).
3 1 1
Vi s %
B R
1 1 _1 0 0
2 2 V2
C=xMXT,X=|35 -5 0 ¥ o0 |
v3i V3 g 1 1
4 4 2V/2 V2
v3 _¥3 o __1_ _ 1
4 4 22 V2

A = diag(7,5, —6, —2, —4).
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C-realisability

Observation

If (A1, A2,...,Am) and (p1, g2, - - ., f4n) are realisable, then
(A1, A2y v oy Amy 1, 2, - - -, itn) is realisable.

Theorem

If (p, A2, A3, ..., \p) is the spectrum of a (symmetric) nonnegative matrix
with Perron eigenvalue p, then for all ¢ > 0, (p + €, A2, A3, ..., Ap) is the
spectrum of a (symmetric) nonnegative matrix also.

Theorem (Guo(1997))

If (p, A2, A3, ..., An) is the spectrum of a nonnegative matrix with Perron
eigenvalue p, then for all € > 0, (p + ¢, \o £ €, A3,...,\,) is the spectrum
of a nonnegative matrix also.

5 /19



C-realisability

Definition (Borobia, Moro, Soto (2008))

A list of real numbers (A1, A2,..., \,) is called C-realisable if it may be
obtained by starting with the n trivially realisable lists (0),(0),...,(0) and
then using any of the previous three results any number of times in any

order.
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Example of C-realisability

(0),(0),(0),(0), (0), (0), (0), (0)
(0,0),(0,0),(0,0),(0,0)
(5,-5),(3,-3),(5,-5), (3, =3)
(5,3,-3,-5),(5,3,-3,-5)
(7,3,-5,-5),(5,3,—-3,-5)
(7,3,-5,-5),(6,3, —4,—b)
(7,6,3,3,—4, 5,5, -5)
(8,6,3,3, -5, 5,5, -5)
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Equivalence Result

Theorem (Ellard, S. 2016)
Let 0 := (A1, \2,..., An), where Ay > Xa > -+ >\, and let

ai, az,...,an > 0. Then the following are equivalent:
(i) o € Sp;

(i) o € Hp;

(i) o is C-realisable;

(iv) o satisfies S, for some p.

Furthermore, o € Hn(a1, a2, ..., an) if and only if there exists an n x n
Soules matrix R such that the matrix RART —where
N = diag(A1, A2, ..., \p)—has diagonal elements (a1, a2, ..., an).
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Equivalence Result: S, C H,
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Equivalence Result: S, C H,
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Equivalence Result: S, C H,
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Equivalence Result: S, C H,

(7;5,—2,—4,-6) € #H5(0,0,0,0,0)
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AN

(7,5,—6) € H3(0,0,/6]) (6], —2,—4) € #3(0,0,0)

/

(7;5) € Ha(6

(6;—6) € H(0,0)
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Equivalence Result: S, C H,

(7;5,—2,—4,-6) € #H5(0,0,0,0,0)

AN

(7:5,—6) € H3(0,0,/6) (6], —2,—4) € #3(0,0,0)
(7;5) € Ha(6 (6; —2) € H»(0

(6:—6) € H2(0,0) (4] —4) € 12(0,0)
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Equivalence Result

ocesS,

o€ H,
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Equivalence Result: C — realizable C H,,

Theorem (Ellard, S. 2016)

Suppose (p; A2, A3,...,A\n) € Hp(a1,32,...,a,) and e > 0. Then
(I) (/) + € X —€,A3, g, ... ,)\n) S Hn(al, Egoooy a,,);
(ii) there exist s,t € {1,2,...,n}, s < t, such that

(p+€a)\2+€7)‘3a>‘47"'7>\n) €
Hn(alv vy @5—1,ds T €541, -+, dt—1,3t T € 3t41,- -+, an)-

In particular, if (p; A2, A3,...,An) € Hp, then
(p+€,)\2ﬂ:€,)\3,)\4,...,)\n) € Hn.

If o is C-realisable, then o € H,
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Equivalence Result
ocesS,
o€ H,

/N

o is C-realisable <——= o satisfies S,
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Reducing the Spectral Gap

Theorem (Ellard, S. 2016)

If()\l;)\z,)\3,...,)\n) EH,,(al,ag,...,a,,), , then
there exist ¢ > 0 and partitions

{3747 000y n} = {Pl:PZa o ¢ -,Plfl} U {CI17(727 X -,anlfl}

and

{1,2,...;n} ={n,rn,...,n}U{s1,%,...,5n—1}
such that

(/\1 — € >‘P17)‘P27 50 .,)\p,_l) S H,(a,l, Aryy ey a,,)
and

M+ 6 Ags Agos -+ -5 Agysq) € Hn—i(ass 35y - - -, as,_,)-

e.g. (7:5,—2,—4,—6) € H5(0,0,0,0,0)
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Reducing the Spectral Gap

Theorem (Ellard, S. 2016)

If (M A2y A3y ooy An) € Hip(a1, a2, -, an), , then
there exist € > 0 and partitions

{3747' 00 n} = {Pl:PZa o ¢ 'ap/—l} U {q17q27 X '7qn—/—1}

and

{1,2,...;n} ={n,rn,...,n}U{s1,%,...,5n—1}
such that

(M =6 Ao Apss -3 Ap 1) € Hi(an, an, -5 ar)
and

M+ 6 Ags Agos -+ -5 Agysq) € Hn—i(ass 35y - - -, as,_,)-

e.g. (6;6,—2,—4,—6) € H5(0,0,0,0,0)
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Effect of Adding Zeros

Theorem (Ellard, S. 2016)
If

()‘11 )\27 ) )\Ih 0) S Hn—‘,—l(al; a, ..., an+1)7
then there exist s, t € {1,2,...,n+ 1}, s < t, such that

(A1 A2, ..., ) €

Hn(al7 cv.yds—1,ds5415.,8t—1,dt+1,.--5,dn+1,ds + at)‘

In particular, if (A1, A2, ...,An,0) € Hpy1, then (A1, A2, ..., \p) € Hop.
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Symmetrically Realisable Lists Outside S,7

Minimum t such that
(3+1t3— —2,-2)

is symmetrically realisable?
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Symmetrically Realisable Lists Outside H,?

Minimum t such that
(3+1t3— —2,-2)

is symmetrically realisable is t = 1 (McDonald and Neumann, 2000).
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Minimum t such that
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Symmetrically Realisable Lists Outside H,?

Minimum t such that
(3+¢t3—-1t0,-2,-2-2)

is symmetrically realisable is
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Symmetrically Realisable Lists Outside H,?

Minimum t such that

(3+1t,3—10,-2,-2 -2)

is symmetrically realisable is (Laffey and Smigoc, 2007).
_ . -
2 5 0 0
8 4
£ 0 kS 0
\/; 3 has spectrum (%, %,O,—Q).
0 4 0 /8
3 3
8
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Symmetrically Realisable Lists Outside S,7

Lemma (Ellard, S. 2017)

Let \y > Xy > A3 > A\g. Then (A1, A2, A3, \4) is the spectrum of a
nonnegative symmetric matrix of the form

a bp 0 O
by 0 b O
0 b 0 b3
0 0 b3 a

if and only if the following conditions are satisfied:

M+ A+ A+ >0,
A2 > A1+ A3+ Mg,
= Mg e 08 = W = )

18 / 19



Symmetrically Realisable Lists Outside S,7

Minimum t such that (4 + t,4,4 — t,0,—3, -3, —3, —3) is symmetrically
realisable?

In Hg: t = 2.
Using 2 x 2 matrices plus lemma: t = 1.

Minimum t such that (5+ t,5,5,5 —t,0,—4, —4,—4,—4,—4) is
symmetrically realisable?

In Hqg: t = 6.
Using 2 X 2 matrices plus lemma: t = 2.
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