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ORTHOGONALITY IN NORMED LINEAR SPACES

In a normed linear space (X, || - ||), we say that
o x € X is orthogonal to y € X in the Birkhoff-James sense,

XJ_BJy, If
x|l < lIx+Ay[l, ¥AecC.

o x € X and y € X are Roberts orthogonal, x L gy, if

X+ Ayl = [Ix = Ay[l, vAeC.
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THE BIRKHOFF-JAMES ORTHOGONALITY IN NC
LINEAR SPACES

o xLgyy & [x[| = minxec [|x + Ayl < [Ix]| = d(x, Cy).

© The Birkhoff-James orthogonality in normed linear spaces
© is nondegenerate: (xLpgyjx < x =0);

© is homogeneous: (xLgyy = AxLpgyjuy, YA, u e C);
© is not symmetric: (xLpgyy % yLlpgyx);

XJ_BJ(/\X + y).

& Is not additive: ((XJ_BJy and x1pyz) # xLpgy(y + z))
o For every two elements x,y € X there exists A\ € C such that

[m]

5 = = = Qe
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SPACES

ROBERTS ORTHOGONALITY IN NORMED LINEAF

o xLry if [|[x + Ayl = ||[x — Ay|| for all A € C.
© Roberts orthogonality in normed linear spaces

© is nondegenerate: (xLgx < x = 0);
o is homogeneous: (xLry = AxLguy, VA, u € C);
o is symmetric: (xLry < y Lgx);

o is not additive: ((xLgy and xLgz) # xLg(y + 2)).
© R-orthogonality does not have the existence property.
o xlry = xLlpgyy.

o If (X, (+,-)) is an inner product space, then
xlry & xlpyy < (x,y) =0.

=] F = = A
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C*-ALGEBRA

A C*-algebra A is a Banach *-algebra with the norm satisfying the
C*-condition |la*a|| = ||a||? for all a € A.
Gelfand—Naimark theorem

Every C*-algebra A can be regarded as a C*-subalgebra of B(H)
for some Hilbert space H, that is, there exist a Hilbert space H and
a faithful (injective) *-homomorphism ¢ : A — B(H).
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THE BIRKHOFF-JAMES ORTHOGONALITY INNB(F

(H,(:,-)) - Hilbert space

B(H) - algebra of all bounded linear operators on H
Let A, B € B(H).

o A Lpg B if and only if there is a sequence (x,) in H, ||x,|| = 1,
such that Ii_)m | Axn|| = ||All and Ii_)m (Axn, Bxn) = 0.

o Ifdim H < oo, then A 1 g B if and only if there is a unit
vector x in H such that |Ax|| = ||A|| and (Ax, Bx) = 0.

(=] = = = QA
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C*-ALGEBRAS

THE BIRKHOFF—JAMES ORTHOGONALITY IN

linear functionals of A)

S(A) - set of all states of A (i.e., the set of all positive norm one

Let A be a C*-algebra, and a,b € A. Then a Lg; b if and only if

there is p € S(A) such that p(a*a) = ||a||?> and ¢(a*b) = 0.

=} 5 = = A
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THE BIRKHOFF—JAMES ORTHOGONALITY IN
C*-ALGEBRAS

A — C*-algebra with unit e

V(a) — numerical range of a € A

V(a) = {¢(a) : ¢ is a state of A}

Vinax(@) — maximal numerical range of a € A
Vinax(a) = {p(a) : ¢ is a state of A, p(a*a) = |a||*}

(J.G. StamprLi, J.P. WiLLIAMS, 1968, 1970)
elgjas0e V(a)
algjes0e Vmax(a).

o & = = £ 9DA¢
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ROBERTS ORTHOGONALITY IN C*-ALGEBRA

A — C*-algebra with unit e

Let a be a self-adjoint element of A. Suppose that a 1 e.
V(a) = conv(o(a)) = [, 5] € [—|lall, [|all],
where a = —||a|| or 5 = ||a||. Then for every A € C
max{|a+A[, [B+A[} = [[a+Ael| = [[a—Ae|| = max{[a—A|, |5=Al},

from which it follows that « = —. Thus, V(a) = [—]|a]|, ||al|], and
therefore V(a) = —V/(a). The converse is obvious.

If a € A is self-adjoint, then

alges V(a)=—-V(a) & £|a| € a(a).
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ROBERTS ORTHOGONALITY IN C*-ALGEBRAS

Let A be a C*-algebra with the unit e, and a€ A. If a L e, then
V(a) = —V(a).

Let a be a normal element of A. Then
llall = w(a) = max{|z| : z € V(a)}.
Since a + \e is normal for every \ € C,

alres wlat+e)=w(a—Xe), vreC.

Let A be a C*-algebra with the unit e. If a € A is normal, then

alges V(a)=—-V(a).

oA
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ROBERTS ORTHOGONALITY IN C*-ALGEB

In general, V(a) = —V/(a) does not imply a L e.
ExampLE (M.-T. CHIEN, B. S. TAMm)
Let A = My(C) = B(C*). Then

V(A) = W(A) = {(Ax,x) : x € C*,||x|| = 1}.

The numerical range W(A) of the matrix

00 2 1
010 O
A= 0 0 0 -1
0 00 1

is a circular disk centered at the origin, so W(A) = —W(A).
2.6918 = [|[A+ /|| # ||A— I|| = 2.7578, so A is not Roberts
orthogonal to the identity operator /.

v
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ROBERTS ORTHOGONALITY IN C*-ALGEBRAS

Let a€ A and A € C. There is ¢ € S(A) such that

la+Aell> = [[(a+Xe)*(a+ Ae)|
w((a+ Xe)*(a+ Ne))
o((a+Ae)*(a+ Ae))
p(a*a) + 2Re(Ap(a)) + |A]?
¢(a*a) + 2Re(Ay(a)) + |2
Y((a+ Ae)*(a+ Xe)), Vi € S(A).
(

v 1

Let us denote p := ¢(a). Then
p(a*a) > (a*a) for every ¢ € S(A) such that ¢(a) =

Therefore,
p(a*a) = max L,(a),

where

L,(a) ={y(a"a): ¥ € S(A),¥(a) = pu}.
SN TS



ROBERTS ORTHOGONALITY IN C*-ALGEBRAS

The Davis—Wielandt shell of a € A is defined as the set

Dv(a) = {(¢(a),p(a"a)) - v € S(A)}-

Since S(A) is a weak*-compact and convex subset of A", and the
map ¢ — (p(a), p(a*a)) is weak*-continuous on A’, we conclude
that DV/(a) is a compact convex subset of C x R.

The upper boundary of DV/(a) is the set
DV.p(a) = {(p,r) € DV(a) : r = maxL,(a)},

where

L,(a) = {p(a*a) : p € S(A),p(a) = pu}.

Note that (¢(a), p(a*a)) € DVyp(a) if
lla+ Xel|? = ¢((a+ Ae)*(a+ Ae)) for some A € C.
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ROBERTS ORTHOGONALITY IN C*-ALGEBRAS

Let A be a C*-algebra with the unit e. For a € A the following
conditions are mutually equivalent:
(1) alge,

(H) DVub(a) = DVub(_a)'

o F = = £ DA
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ROBERTS ORTHOGONALITY IN C*-ALGEBRA

Let A = B(H). The Davis—Wielandt shell of A € B(H) is defined
as the set

DW(A) = {((Ax,x), (A*Ax,x)) : x € H, ||x|| = 1}.
Since A= Re A+ ilm A, identifying C x R with R3, we have
DW(A) = ((Re A)x, x), ((Im A)x, x), (A*Ax,x)) : x € H, ||x|| = 1},
which is a joint numerical range of self-adjoint operators Re A, Im A
and A*A.
o DW(A) is compact if dim H < oo.
o DW(A) is convex if dim H > 3.
o DV(A) = conv(DW(A)).
Therefore
DV(A) = DW(A) if H is infinite-dimensional,
DV(A) = DW(A) if3<dimH < .
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THE ROBERTS ORTHOGONALITY IN C*-ALGEBRAS

If H is infinite-dimensional, then
DVup(A) = {(11,r) € DW(A) : r = maxL,(A)},
where
L.(A) = {nli_>rr;O(A*Ax,,,x,,) t xp € H, ||Ixp|| =1, nIi_)rT;o(AX,,,X,,) = u}.
If 3 <dimH < oo, then
DV, (A) = {(p,r) € DW(A) : r = maxL,(A)},

where
L,(A) = {(A"Ax,x) : x € H,||x|| =1, (Ax,x) = u}.

Let A€ B(H), dim H > 3. Then the following conditions are
mutually equivalent:

() Algrl,
(11) DVys(A) = DVyp(—A).
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ROBERTS ORTHOGONALITY IN C*-ALGEBRA

Let A € B(H), dimH = 2.

Let o and [ be eigenvalues of A. The numerical range W/(A) is an
elliptical disc (possibly degenerate) centered at 1tr(A) with foci o
and 5.

The Davis—-Wielandt shell DW/(A) is an ellipsoid without the

interior centered at (@, M)
Assume that W(A) = —W/(A). Then
WA+ X)) =W(-A+X), VYreC.

It follows that for every A € C there exists a unitary Uy € B(H)
such that A+ A = U5(—=A+ AUy, so [[A+ M| = ||A= A,
thatis, A Lg I.
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ROBERTS ORTHOGONALITY IN C*-ALGEBRAS

‘TmeoREM
Let A€ B(H), dim H = 2. Then the following conditions are
mutually equivalent:
(I) Algrl,
(1) W(A) = —W(A),
(111) tr(A) =0.

o F = = £ DA
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