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) )
(

1 2
)

≤
A
B
◦
B
A
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n
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u
s

r
(A
◦
B

)2
≤
r
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A

(2
) B

(2
) )

(
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)
◦

(B
(2

) A
(2

) )
(

1 2
) )
≤
r
(A
B
◦
B
A

);

r
(A
B
◦
B
A

)
=
r
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A
B
◦
A
B

)(
1 2

)
◦

(B
A
◦
B
A

)(
1 2

) )

≤
r
(A
B
◦
A
B

)
1 2
r
(B
A
◦
B
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)
1 2
≤
r
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)
=
r
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h
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v
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*
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v
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d
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.
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1
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;
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0
1

7
+
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ic
u
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r,
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a
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e

T
h
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o

re
m

2
If
L
∈
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n
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h
a

v
e

fo
r

a
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m
∈
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t
∈
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]
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)

(D
rn

o
v

še
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,
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1
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·◦
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m

)
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r
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1
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)
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≤
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·A
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)
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≤
r
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1
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2
0

1
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+
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r
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1
◦
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·◦
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)
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r
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A
σ

1
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)
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◦
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1
)
··
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/
l

≤
r
(A

1
··
·A
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σ

1
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l
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c
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.
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L
∈
L
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n

d
A

a
n

d
B

b
e

n
o

n
-n

e
g

a
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v
e

m
a

tr
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e
s
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a

t
d

e
fi

n
e

o
p

e
r-

a
to
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o

n
L

,
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e
n

w
e

h
a

v
e
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r

e
v
e
ry
t
∈

[1
,2

],

‖(
A
◦B

)2
‖
≤
‖(
A

(t
) B

(t
) )(

1 t
) ◦

(B
(t

) A
(t

) )(
1 t

) ‖
≤
( ‖A

(t
) B

(t
) ‖
‖B

(t
) A

(t
) ‖
)1 t

≤
(‖

(A
B

)(t
) ‖
‖(
B
A

)(t
) ‖

)
1 t
≤
‖A
B
‖‖
B
A
‖.

If
,

in
a

d
d

it
io

n
,
L

=
l2

(R
),
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e
n

w
((
A
◦
B

)2
)
≤
w

( (A
(2

) B
(2

) )(
1 2

)
◦

(B
(2

) A
(2

) )(
1 2

)) ≤
≤
( w(

A
(2

) B
(2

) )
w

(B
(2

) A
(2

) ))1 2
≤
( w(

(A
B

)(2
) )
w

((
B
A

)(2
) ))1 2

.
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il
a
rl

y
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rn
o
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še

k
,

P
.

2
0

1
6

;
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.
2

0
1

7
+
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r
a

H
a

d
a

m
a
rd

g
e

o
-

m
e
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m

e
a

n
A

( 1 2

) ◦
B
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) o
f

p
o

si
ti

v
e

k
e
rn

e
l

o
p

e
ra

to
rs
A

a
n

d
B

o
n

a
B

a
n

a
c
h

fu
n

c
ti

o
n

sp
a

c
e
L

,
w

e
h

a
v
e

ρ

( A
(

1 2
)
◦
B

(
1 2

)) ≤
ρ

( (A
B

)(
1 2

)
◦

(B
A

)(
1 2

))1 2
≤
ρ
(A
B

)
1 2
.

M
o

re
g

e
n

e
ra

ll
y

,

ρ

  A( 1 m

)
1
◦
A

( 1 m

)
2
◦
··
·◦
A

( 1 m

)
m

 

≤
ρ

  P( 1 m

)
1

◦
P

( 1 m

)
2

◦
··
·◦
P

( 1 m

)
m

 1 m

≤
ρ
(A

1
A

2
··
·A

m
)

1 m
,

w
h

e
re
P
j

=
A
j
..
.A

m
A

1
..
.A

j−
1

fo
r
j

=
1
,.
..
,m

.
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A
ls

o
∥ ∥ ∥ ∥ ∥ ∥  A( 1 m

)
1
◦
A

( 1 m

)
2
◦
··
·◦
A

( 1 m

)
m

 m
∥ ∥ ∥ ∥ ∥ ∥

≤
∥ ∥ ∥ ∥ ∥P(

1 m
)

1
◦
P

(
1 m

)
2
◦
··
·◦
P

(
1 m

)
m

∥ ∥ ∥ ∥ ∥≤
‖P

1
‖

1 m
‖P

2
‖

1 m
··
·‖
P
m
‖

1 m
.

If
,

in
a

d
d

it
io

n
,
L

=
L

2
(X
,µ

),
th

e
n

w

   A( 1 m

)
1
◦
A

( 1 m

)
2
◦
··
·◦
A

( 1 m

)
m

 m
 

≤
w

( P
(

1 m
)

1
◦
P

(
1 m

)
2
◦
··
·◦
P

(
1 m

)
m

) ≤
w

(P
1
)

1 m
w

(P
2
)

1 m
··
·w

(P
m

)
1 m
.
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e
c
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l
c
a

se
L

=
L

2
(X
,µ

)
w

e
a

ls
o

p
ro

v
e

b
y

u
si

n
g

‖A
‖2

=
ρ
(A
A
∗ )

=
ρ
(A
∗ A

)
th

a
t

‖A
(

1 2
)
◦
B

(
1 2

) ‖
≤
ρ

( (A
∗ B

)(
1 2

)
◦

(B
∗ A

)(
1 2

))1 2
≤
ρ
(A
∗ B

)
1 2

(≤
‖A
B
∗ ‖

1 2
≤
‖A
‖1 2
‖B
‖1 2

).

If
,

in
a

d
d

it
io

n
,
L

=
l2

(R
)

a
n

d
α
≥

1 2
,

th
e
n

‖A
(α

)
◦
B

(α
) ‖
≤
ρ

1 2
( (A

T
B

)(α
)
◦

(B
T
A

)(α
)) ≤

ρ
α

(A
T
B

),

w
h

e
n

e
v
e
r
α
≥

1 2
.
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o
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m

3
L

e
t
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n

d
B

b
e

p
o

si
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v
e

k
e
rn

e
l

o
p

e
ra

to
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o
n
L

2
(X
,µ

).

T
h

e
n

‖A
( 1 3

) ◦
(B
∗ )

( 1 3

) ◦
A

( 1 3

) ‖
≤

ρ

( (A
∗ B
∗ A
∗ A
B
A

)( 1 3

) ◦
(B
A
A
∗ B
∗ A
∗ A

)( 1 3

) ◦
(A
∗ A
B
A
A
∗ B
∗ )

( 1 3

) )1 6

≤
‖A
B
A
‖1 3
.
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,

in
a

d
d

it
io

n
,
L

=
l2

(R
)

a
n

d
α
≥

1 3
,

th
e
n

‖A
(α

)
◦

(B
T

)(α
)
◦
A

(α
) ‖
≤

ρ
((
A
T
B
T
A
T
A
B
A

)(α
) ◦

(B
A
A
T
B
T
A
T
A

)(α
) ◦

(A
T
A
B
A
A
T
B
T

)(α
) )

1 6
≤
‖A
B
A
‖α
.
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e
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p
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