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(Arveson 1966) Let U € B(H) be a unitary operator. The
following statements are equivalent:
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(Arveson 1966) Let U € B(H) be a unitary operator. The
following statements are equivalent:

() o(U) =T;
(i) for every n € N there exists a unit vector x € H such that
X, Ux,...,U"x are orthogonal.
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(Hamdan 2013) Let i be a Rajchman measure.
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(Hamdan 2013) Let i, be a Rajchman measure. The following
statements are equivalent:

(i) suppy = T;
(ii) for every e > 0 there exists a function f € L(y), ||f||1 = 1,
f>0
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(Hamdan 2013) Let i, be a Rajchman measure. The following
statements are equivalent:

(i) suppu = T;

(ii) for every e > 0 there exists a function f € L(y), ||f||1 = 1,
f >0 such that sup, [f(n)| < ¢
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(Hamdan 2013) Let i, be a Rajchman measure. The following
statements are equivalent:

(i) suppu = T;

(ii) for every e > 0 there exists a function f € L(y), ||f||1 = 1,
f >0 such that sup, [f(n)| < ¢

Theorem

Let U € B(H) be a unitary operator such that T" — 0 (WQOT).
The following statements are equivalent:
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(Hamdan 2013) Let i, be a Rajchman measure. The following
statements are equivalent:

(i) suppu = T;

(ii) for every e > 0 there exists a function f € L(y), ||f||1 = 1,
f >0 such that sup, [f(n)| < ¢

Theorem

Let U € B(H) be a unitary operator such that T" — 0 (WQOT).
The following statements are equivalent:

() o(U) =T;

(ii) for every € > 0 there exists a unit vector x € H such that
sup,>1 (U™, X)| < e.
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Definition

Let Ty,...,Tn € B(H).
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Definition
Let Tq,...,Tnh € B(H). The joint numerical range is defined by

W(Tq,...,Tn) = {((Tox,X),..., (TnX,X)) : X € H,|x]| =1}
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Let T1,...,Tn € B(H). The joint numerical range is defined by

W(Tq,...,Tn) = {((Tox,X),..., (TnX,X)) : X € H,|x]| =1}
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defined by

Vladimir Mller Circles in the spectrum and numerical ranges



Definition

Let T1,...,Tn € B(H). The joint numerical range is defined by

W(Tq,...,Tn) = {((Tox,X),..., (TnX,X)) : X € H,|x]| =1}

We write shortly 7 = (Tq,...,Tn) € B(H)". Forx,y € H write

<TX,y> = (<T1X7y>7 ce <TnX,y>) e C"

Let 7 = (Ty1,...,Tn) € B(H)". The essential numerical range is
defined by

We(7) = {X € C" : there exists an orthonomal sequence

(Xx) C H such that A\ = kIim (T, %) }
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If n = 1 then: W(T) is convex
convo(T) C W(T)
IntW (T) c W(T)

Intconvo(T) C W(T)

If n > 2 then in general W(Ty,...,T,) is not convex
We(T1,...,Tn) is convex (Li, Poon 2009)
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(Wrobel 1988) 7 = (T4, ..., Tn) € B(H)" commuting operators
then

convo(Ty,...,Tn) CW(Tyq,...,Th)

Vladimir Muller Circles in the spectrum and numerical ranges



Let7 = (Ty,...,Tn) € B(H)".
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Let7 = (Ty,...,Tn) € B(H)". Then

Int (We(T)) € W(T).
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Theorem
Let7 = (Ty,...,Tn) € B(H)". Then

Int (We(T)) € W(T).

Moreover, if € Int (We (7)) then for every subspace M C H of
a finite codimension there exists x € M such that ||x|| = 1 and

(T1x,X), ., (TaX, X)) = p.
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Theorem
Let7 = (Ty,...,Tn) € B(H)". Then
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| A\

Corollary
Let7 = (Ty,...,Tn) € B(H)". Let i € Int(We(7)).
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Moreover, if € Int (We (7)) then for every subspace M C H of
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| A\

Corollary

Let7 = (Ty,...,Tn) € B(H)". Let u € Int(We(7)). Then there
exists an infinite-dimensional subspace L c H such that
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Theorem
Let7 = (Ty,...,Tn) € B(H)". Then

Int (We(T)) € W(T).

Moreover, if € Int (We (7)) then for every subspace M C H of
a finite codimension there exists x € M such that ||x|| = 1 and

(T1x,X), ., (TaX, X)) = p.

| A\

Corollary

Let7 = (Ty,...,Tn) € B(H)". Let u € Int(We(7)). Then there
exists an infinite-dimensional subspace L c H such that

PLTJ'PL:,LLJ'PL (jzl,...,n).

Equivalently, Int(We (7)) C Woo(T).
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Definition

Let 7 € B(H)". Then W(7) is the set of all A\ € C" for which
there exists an infinite-dimensional subspace L ¢ H such that

PLTP. = AP,
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Definition

Let 7 € B(H)". Then W(7) is the set of all A\ € C" for which
there exists an infinite-dimensional subspace L ¢ H such that

P.TP_ = AP,

W (7)) is always convex
it may be empty
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Let 7 € B(H)". Then W(7) is the set of all A\ € C" for which
there exists an infinite-dimensional subspace L ¢ H such that
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W (7)) is always convex
it may be empty
if Woo(7') = 0 then the n-tuple 7 is "degenerated"
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Let 7 € B(H)". Then W(7) is the set of all A\ € C" for which
there exists an infinite-dimensional subspace L ¢ H such that
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Let 7 € B(H)". Then
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Definition

Let 7 € B(H)". Then W(7) is the set of all A\ € C" for which
there exists an infinite-dimensional subspace L ¢ H such that

P.TP_ = AP,

W (7)) is always convex

it may be empty

if Woo(7') = 0 then the n-tuple 7 is "degenerated"
Theorem

Let 7 € B(H)". Then

() We(T) = Ukexry Weo(7 + K)
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Definition

Let 7 € B(H)". Then W(7) is the set of all A\ € C" for which
there exists an infinite-dimensional subspace L ¢ H such that

P.TP_ = AP,

W (7)) is always convex
it may be empty
if Woo(7') = 0 then the n-tuple 7 is "degenerated"
Theorem
Let 7 € B(H)". Then
() We(T) = Ugex(y WoolT + K)
(ii) there exists an n-tuple K of compact operators such that

We(T) = Woo(T + K)
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Let 7 € B(H)". Then

Intconv (We(7) Uop(7)) C W(T)
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Let 7 € B(H)". Then

Intconv (We(7) Uop(7)) C W(T)

Let 7 = (Ty1,...,Tn) € B(H)" be a commuting tuple. Then

Intconvo(7) Cc W(T)
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Let T € B(H) and let A € Int&(T).

Vladimir Muller Circles in the spectrum and numerical ranges



Let T ¢ B(H) and let A € Int6(T). Then

(A2 AN €t (We(T,T2,...,T).

for alln € N.
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Let T € B(H), 0 € Int&(T).
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Let T € B(H), 0 € Int(T). Then for every n € N there exists a
unit vector x € H such that

X LTx,..., T"x

Let T € B(H), 0 € Int&(T).
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Let T € B(H), 0 € Int(T). Then for every n € N there exists a
unit vector x € H such that

X LTx,..., T"x

Let T € B(H), 0 € Int5(T). Then for every n € N there exists
an infinite-dimensional subspace L c H
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Let T € B(H), 0 € Int(T). Then for every n € N there exists a
unit vector x € H such that

X LTx,..., T"x

Let T € B(H), 0 € Int5(T). Then for every n € N there exists
an infinite-dimensional subspace L ¢ H such that P, TP, =0
forj=1,...,n.
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Let T € B(H). The following statements are equivalent.
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Theorem

Let T € B(H). The following statements are equivalent.
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(ii) for all e > 0 and n € N there exists x € H such that

(T, TIx)| <e, 1<mj<n—1m#j,
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Theorem

Let T € B(H). The following statements are equivalent.
()T C ore(T);
(ii) for all e > 0 and n € N there exists x € H such that
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and 3 < |Tlx| <2, 0<j<n-1;
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Theorem

Let T € B(H). The following statements are equivalent.
()T C ore(T);

(ii) for all e > 0 and n € N there exists x € H such that

(T, TIx)| <e, 1<mj<n—1m#j,
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such that

X L Tx,T2x,...,T"x,
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Theorem

Let T € B(H). The following statements are equivalent.
()T C ore(T);

(ii) for all e > 0 and n € N there exists x € H such that

|<TmX’TjX>|<5a 1§mvj§n717m7éjv
and 3 < |Tlx| <2, 0<j<n-1;
(iii) for all e > 0 and all n € N there exists a unit vector x € H
such that
X L Tx,T2x,...,T"x,
(T™x, TIx)| < e, 1<m,j<n-—1m#]j,
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Theorem

Let T € B(H). The following statements are equivalent.
()T C ore(T);

(ii) for all e > 0 and n € N there exists x € H such that

|<TmX’TjX>|<5a 1§mvj§n717m7éjv
and 3 < |Tlx| <2, 0<j<n-1;
(iii) for all e > 0 and all n € N there exists a unit vector x € H
such that
X L Tx,T2x,...,T"x,
(T™x, TIx)| < e, 1<m,j<n-—1m#]j,

1-e<|Tix]<1l+e 0<j<n-—1,
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Theorem

Let T € B(H). The following statements are equivalent.
()T C ore(T);
(ii) for all e > 0 and n € N there exists x € H such that

|<TmX’TjX>|<5a 1§mvj§n717m7éjv
and 3 < |Tlx| <2, 0<j<n-1;
(iii) for all e > 0 and all n € N there exists a unit vector x € H
such that
X L Tx,T2x,...,T"x,
(T™x, TIx)| < e, 1<m,j<n-—1m#]j,

1-e<|Tix]<1l+e 0<j<n-—1,

and ||[T"x —x|| <e.

Vladimir Muller Circles in the spectrum and numerical ranges



Let T € B(H) satisfy r(T) < 1. The following statements are
equivalent:
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Theorem
Let T € B(H) satisfy r(T) < 1. The following statements are
equivalent:

(i) T C o(T).
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Theorem
Let T € B(H) satisfy r(T) < 1. The following statements are
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(i) for alle > 0 and all n € N there exists a unit vector x € H
such that

(TMx, TIX)| < e, 1<m,j<n—1,m#j,
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Theorem

Let T € B(H) satisfy r(T) < 1. The following statements are
equivalent:

(i) T C o(T).

(i) for alle > 0 and all n € N there exists a unit vector x € H
such that
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Theorem

Let T € B(H) satisfy r(T) < 1. The following statements are
equivalent:

(i) T Co(T).
(i) for alle > 0 and all n € N there exists a unit vector x € H
such that
(TMx, TIX)| < e, 1<m,j<n—1,m#j,
and 3 < ||Tlx| <2, 0<j<n-1;
(iii) foralle > 0 and all n € N there exists a unit vector x € H
such that

x LTx,T?x,..., T"x,
|<TmX7TjX>| < €, 1 é m?j S n _17m 7&]7
1—e<|Tix|[<14e 1<j<n-1,

and [|[T"x — x| < e.
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Let T € B(H) and let T" — 0 in the weak operator topology.
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Let T € B(H) and let T" — 0 in the weak operator topology.
Suppose that (0,...,0) € We(T,...,T")foralln € N.
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Theorem

Let T € B(H) and let T" — 0 in the weak operator topology.
Suppose that (0,...,0) € We(T,...,T") for all n € N. Then for
every ¢ > 0 there exists an infinite-dimensional subspace L of
H
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Theorem

Let T € B(H) and let T" — 0 in the weak operator topology.
Suppose that (0,...,0) € We(T,...,T") for all n € N. Then for
every ¢ > 0 there exists an infinite-dimensional subspace L of
H such that

sup HPLTnPLH <e and lim ||PLTnPLH = 0.
n>1 n—oo
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Corollary

Let T € B(H), and let T" — 0 in the weak operator topology.
Suppose that 0 € Int&(T).
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Corollary

Let T € B(H), and let T" — 0 in the weak operator topology.
Suppose that 0 € Int5(T). Then for every £ > 0 there exists an
infinite-dimensional subspace L of H
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Corollary

Let T € B(H), and let T" — 0 in the weak operator topology.
Suppose that 0 € Int5(T). Then for every £ > 0 there exists an
infinite-dimensional subspace L of Hsuch that

sup|[PLT"PL| <e  and lim |P.T"P,|| = 0.
n>1 n—oo
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Corollary

Let T be a unitary operator on H such that T" — 0 in the weak
operator topology.

Circles in the spectrum and numerical ranges



Corollary

Let T be a unitary operator on H such that T" — 0 in the weak
operator topology. Then the following conditions are equivalent.
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Corollary

Let T be a unitary operator on H such that T" — 0 in the weak
operator topology. Then the following conditions are equivalent.
(i) o(T)=T.
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Corollary

Let T be a unitary operator on H such that T" — 0 in the weak
operator topology. Then the following conditions are equivalent.
(i) o(T)=T.

(i) for every ¢ > 0 there exists x € H, ||x|| = 1, with

sup (T"x,x)| < e.
n>1
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Corollary

Let T be a unitary operator on H such that T" — 0 in the weak
operator topology. Then the following conditions are equivalent.
(i) o(T)=T.

(i) for every ¢ > 0 there exists x € H, ||x|| = 1, with

sup (T"x,x)| < e.
n>1

(iii) for every ¢ > 0 there exists an infinite-dimensional
subspace L C H such that

sup HPLTnPLH <e and lim ||P|_TnPLH =0.
n>1 n—oo
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(Bourin 2003) Let T € B(H). Suppose that We(T) D D. Then
for every strict contraction C on a separable Hilbert space (i.e.,
ICl <1)
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(Bourin 2003) Let T € B(H). Suppose that We(T) D D. Then
for every strict contraction C on a separable Hilbert space (i.e.,
|IC|| < 1), there exists a subspace L C H such that the
compression T is unitarily equivalent to C.
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Let T € B(H), D c 6(T), let n € N. Then for every strict
contraction C’
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Theorem

Let T € B(H), D c 6(T), let n € N. Then for every strict
contraction C’ there exists a subspace L ¢ H and C € B(L)
unitarily equivalent to C’ such that

(Th=c
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Theorem

Let T € B(H), D c 6(T), let n € N. Then for every strict
contraction C’ there exists a subspace L ¢ H and C € B(L)
unitarily equivalent to C’ such that

(Th=c

forj=1,...,n.
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LetT € B(H), T" =0 (WOT), o(T) DT, lete > 0.
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Theorem

LetT e B(H), T" -0 (WOT),o(T)DT,lete >0. Then for
every strict contraction C’ there exists a subspace L ¢ H and
C € B(L) unitarily equivalent to C’
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Theorem

LetT e B(H), T" -0 (WOT),o(T)DT,lete >0. Then for
every strict contraction C’ there exists a subspace L ¢ H and
C € B(L) unitarily equivalent to C’ such that

sup |(T"). - Cl| < ¢
j
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Theorem

LetT e B(H), T" -0 (WOT),o(T)DT,lete >0. Then for
every strict contraction C’ there exists a subspace L ¢ H and
C € B(L) unitarily equivalent to C’ such that

sup |(T"). - Cl| < ¢
j

and _ _
lim [|(T/), —Cl|| =0
]—>OO
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