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Tensors (hypermatrices)

Consider tensor products of finite-dimensional Euclidean spaces
@ A scalar (lower case letter), z € R, is a tensor of order zero;
@ A vector (boldface lower letter), = (z;) € R", is a tensor of order one;
@ A matrix (capital letter), X = (z;;) € R™*"2 is a tensor of order two;

@ A tensor of order d, X = (%4,4y...i,) € RMIX72X 7 X0d,
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Tensors (hypermatrices)

Consider tensor products of finite-dimensional Euclidean spaces
@ A scalar (lower case letter), z € R, is a tensor of order zero;
@ A vector (boldface lower letter), = (z;) € R", is a tensor of order one;
@ A matrix (capital letter), X = (z;;) € R™*"2 is a tensor of order two;
@ A tensor of order d, X = (i,4,...,) € RPIX2X 0 XNd,

Some facts

@ Tensors can be one-to-one represented by multilinear forms. For instance,
A € R™"1*"2X"3 defines a trilinear form F: R™ x R"2 x R™ — R
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@ Many matrix problems are easy, while corresponding tensor problems can
be very difficult (Hillar, Lim 2013).
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Multiway (tensor) data problems

@ Multiway empirical data analysis in psychometrics and chemometrics
@ High order statistics and independent component analysis

@ Algebraic properties of tensors

S am—

%

& 0
a 0]
g Batch < Fluorescence 2 Chromato
% Process § 5~ graphy
Process variables Excitation Chromatogram
& >
S/
@
S  Sensory S Image
k] h © .
g Analysis £ Analysis
Attributes Image

Zhening Li, University of Portsmouth Bounds on tensor norms via tensor partitions



Some tensor basics

@ R *m2XXNd ig 3 tensor space of dimensions m1 X na X - -+ X ng and
order d. Real numbers, vector spaces, and matrix spaces are tensor spaces
of d=10,d =1, and d = 2, respectively.

@ For A, B € R™"1*"2X"Xn"d the Frobenius inner product
ng
Z Z Z Giyig...iglivin. . ig-
11=111=2 ig=1
@ The induced Frobenius norm (Hilbert-Schmidt norm)

[All2 := V(A A),

If d =1 the Frobenius norm reduces to the Euclidean norm of a vector.

@ A rank-one tensor T, also called a simple tensor, can be written as outer
products of vectors

T=¢'0z’® z'
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@ Holder p-norm (1 < p < o0)

1/p
ny  ng ng
||'A||P = Z Z e Z |a’i1i2.."id |P

i1=li1=2  ig=1
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Tensor norms and their complexity

@ Holder p-norm (1 < p < o0)
1/p

ni no ng
||AHp = Z Z Z |ai1i2...id|p

i1=1i1=2  ig=1
@ Spectral norm: NP-hard to compute (He, L., Zhang 2010)

JAlly = max {(A2' ©2* © - @) : 2*]2 =1, 1 < k < d}
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Tensor norms and their complexity

@ Holder p-norm (1 < p < o0)
1/p

ni no ng
||AHp = Z Z Z |ai1i2...id|p

i1=1i1=2  ig=1
@ Spectral norm: NP-hard to compute (He, L., Zhang 2010)
JAlly = max {(A2' ©2* © - @) : 2*]2 =1, 1 < k < d}

@ Nuclear norm: NP-hard to compute (Friedland, Lim 2016)

i=1 =1
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Tensor norms and their complexity

@ Holder p-norm (1 < p < o0)
1/p

ni no ng
||AHp = Z Z Z |ai1i2...id|p

i1=1i1=2  ig=1
@ Spectral norm: NP-hard to compute (He, L., Zhang 2010)
JAlly = max {(A2' ©2* © - @) : 2*]2 =1, 1 < k < d}

@ Nuclear norm: NP-hard to compute (Friedland, Lim 2016)

i=1 i=1

@ The nuclear norm is the dual norm of the spectral norm:

1Tl = max (T.2) [T]l = max (T.2)

I« <1 I%]lo<1
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A common approach to approximate

Matricization: also matricisation, matricizing, unfolding, or flattening, is the
operation that turns a tensor (a multi-way array) into a matrix (a two-way
array). It can be regarded as a generalization of the concept of vectorization.
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A common approach to approximate

Matricization: also matricisation, matricizing, unfolding, or flattening, is the
operation that turns a tensor (a multi-way array) into a matrix (a two-way

array). It can be regarded as a generalization of the concept of vectorization.
@ Most matrix norms are easy to compute

@ The matrix spectral norm is the largest singular value of a matrix

@ The matrix nuclear norm is the sum of all singular values of a matrix
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A common approach to approximate

Matricization: also matricisation, matricizing, unfolding, or flattening, is the
operation that turns a tensor (a multi-way array) into a matrix (a two-way

array). It can be regarded as a generalization of the concept of vectorization.
@ Most matrix norms are easy to compute

@ The matrix spectral norm is the largest singular value of a matrix

@ The matrix nuclear norm is the sum of all singular values of a matrix

@ The spectral norm of a matricized tensor is an upper bound of the
spectral norm of the tensor (He, L., Zhang 2010)

[Mat (Tl > [Tl
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A common approach to approximate

Matricization: also matricisation, matricizing, unfolding, or flattening, is the
operation that turns a tensor (a multi-way array) into a matrix (a two-way

array). It can be regarded as a generalization of the concept of vectorization.
@ Most matrix norms are easy to compute

@ The matrix spectral norm is the largest singular value of a matrix

@ The matrix nuclear norm is the sum of all singular values of a matrix

@ The spectral norm of a matricized tensor is an upper bound of the
spectral norm of the tensor (He, L., Zhang 2010)

[Mat (Tl > [Tl

@ The nuclear norm of a matricized tensor is a lower bound of the nuclear

norm of the tensor (Hu 2015)

[[Mat ()|« < |7+
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A new perspective from tensor partitions

Definition (Tensor partition)

A partition {71, T2, ..., Tm} is called a tensor partition of a tensor T, if
@ every 7; (j =1,2,...,m) is a subtensor of T,

@ every pair of subtensors (7;,7;) with ¢ # j has no common entry of T,

and

@ every entry of T belongs to one of the subtensors in {71, T2, ..., Tm}-
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Modal partition

Given a tensor 7 € R™ *"2X""X"d the indices of its mode k can be partitioned

into r; nonempty sets, i.e.,

{1,2,...,m} =T UL U-- UL, k=1,2,...,d

Definition (Modal partition)

The tensor partition {7;,jo...54 : 1 < jr <7k, k=1,2,...,d} is called a modal

partition of a tensor T = (tiyiy..¢,) € R™ 772X %" where

73'1j2-~jd o= <(ti1i2---id)ike]1;?k,i:l,2,...,d) :
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Regular partition

Given a tensor T € R™1*"2% " X"d 3 mode-k tensor cut, cuts the tensor T at

mode k into two subtensors 71 and 72, denoted by
T = 7—1 \/k 7—2a

where 7-1 c Rnl><~-~><nk,1><fl><nk+1m><nd and 7-2 c Rnlx-uxnk,l><é,‘2><nk+1~~><nd

with 41 + lo = ny.

Definition (Regular partition)

{T} is called the 1-regular partition of a tensor 7. For m € N with m > 2, a
partition {71,732, ..., Tm} is called an m-regular partition of a tensor T, if
there exist two tensors A1, A2 and an £ with 1 < /¢ < m — 1, such that

@ 7 =A; Vi Az for some 1 < k < d,

® {7i,s,...,Ti} is an f-regular partition of Ay, and

® {741, Tet2,--., Tm} is an (m — £)-regular partition of As.
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Three types of tensor partitions

@ A modal partition is a special type of regular partition, and a regular

partition is a special type of tensor partition.

@ For any first order tensor (vector), the three partitions are the same. This

is not true for a second or higher order tensor.

@ A subtensor T; in a partition of a tensor 7 = {71,732, ..., Tm} may not

have the same order of the original tensor 7.

T11 T2 T> Ty
T1 Tl
151 T Ts T3
Ts
131 T3z Ty Ts Ty
A modal partition A regular partition An irregular partition
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Bounds of tensor norms by tensor partitions

If{T1,T2,..., Tm} is a regular partition of a tensor T, then

I Tillos [172llos - s 1 Tmllo) oo < NT Mo < AU Tallos 1 T2llos - - 1 Tmllo)2 »
Tl 720l - I Tmll) lly < BT S WAl T2l - - T[] 5

where || - ||p is the L, norm of a vector for 1 < p < co.
T11 T2 Ts Ty
T1 Tl
To1 Too T3 Ts
Ts
T31 ED Ty Ts Ty
A modal partition A regular partition An irregular partition
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Behind the main result

Some key observations:
@ For any regular partition, the tensor 7 can be cut sequentially by applying

a mode-k tensor cut m — 1 times

@ The L, norm of a vector has certain additive property for 1 < p < oo,
e, ife=a'Vva?ecR"T"2 with ' € R™ and z? € R™2, then

1 2
[l {lps 2= 1p) e = [l
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Behind the main result

Some key observations:

@ For any regular partition, the tensor 7 can be cut sequentially by applying

a mode-k tensor cut m — 1 times

@ The L, norm of a vector has certain additive property for 1 < p < oo,
e, ife=a'Vva?ecR"T"2 with ' € R™ and z? € R™2, then

1 2
[l {lps 2= 1p) e = [l

The three-step proof:

® If T=AV B, then max{||Allo, |Bll} < |ITl- < \/IAll" + [ B]|"

© If T= AV B, then \/[|A[l.* + |[B].* < [T <[|All« + [IB]|- from a

dual norm point of view

@ Mathematical induction
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@ If T is partitioned entry wisely into HZ=1 ny number of scalars

[Tlleo <M Tlle <1 Tll2 <71« < [T

it
N
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Some consequence of the main result

@ If T is partitioned entry wisely into HZ=1 ny number of scalars

1T Nlee < T lle < 1712 < [Tl < (1715

@ If 7 is partitioned into mode-k vector fibers, say

{t: eR™ :i=1,2,...,m} wherem:HlSde,#knj

[(Ell2, IE2ll2, - -5 lEmll2) o < [T 1l
IT < M1([E 2, lI#2l2, - -5 [[Eml2) 1l
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Some consequence of the main result

@ If T is partitioned entry wisely into HZ=1 ny number of scalars

1T Nlee < T lle < 1712 < [Tl < (1715

@ If T is partitioned into mode-k vector fibers, say

{t: eR™ :i=1,2,...,m} wherem:HlSde,#knj

[(Ell2, IE2ll2, - -5 lEmll2) o < [T 1l
IT < M1([E 2, lI#2l2, - -5 [[Eml2) 1l

@ Any regular partition {71, 72,...,Tm} of a rank-one tensor T satisfies

I T2llo 1 T2llos -5 1 Tmllo )l = 1T e = N T Ml = NCTalles (T2, -5 [ Tmll) 1l
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Some consequence of the main result

@ If T is partitioned entry wisely into HZ=1 ny number of scalars

1T Nlee < T lle < 1712 < [Tl < (1715

@ If T is partitioned into mode-k vector fibers, say

{t; eR™ :i=1,2,...,m} where m = ngjgd,#knj
(el 2ll2, - - [Emll2) [ < (1T o
T < 1 ll2, (IE2ll2, - -5 Emll2) ]y
@ Any regular partition {71, 72,...,Tm} of a rank-one tensor T satisfies

I T2llo 1 T2llos -5 1 Tmllo )l = 1T e = N T Ml = NCTalles (T2, -5 [ Tmll) 1l

@ All the bounds are sharp in general, in the sense that for any given tensor
space and one of the four inequalities, there exists a tensor in that space

such that the inequality becomes an equality.
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Approximating tensor norms

A tensor norm || - ||¢ can be approximated with an approximation bound o > 1,
if there exists a polynomial-time approximation algorithm that computes a

quantity g7 for any tensor instance 7, such that

ar < ||Tlle < agr.
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Approximating tensor norms

A tensor norm || - ||¢ can be approximated with an approximation bound o > 1,
if there exists a polynomial-time approximation algorithm that computes a

quantity g7 for any tensor instance 7, such that
qr <||Tlle < agr.

An immediate fact of the main result:

Corollary

If {T1,T2,...,Tm} is a regular partition of a tensor T and the tensor spectral
norm ||T;||c (respectively, the tensor nuclear norm ||T;||«) can be computed in
polynomial-time for all 1 < j < m, then the tensor spectral norm ||T||»
(respectively, the tensor nuclear norm ||T||«) can be approximated with an

approximation bound \/m.
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A tensor 7 € R™"*"2XX"d with ny < ng < --- < ng is cut into matrix slices

{Tili2-~-id—2 = ((tiliZ"'id)id_lid) € RMd-1X"d . <ik<ng, k=1,2,...,d— 2}

«O» «F»r « = 4 > P NEa



Approximation bounds by matrix slices

A tensor T € R™M*"2X" X4 with n; < ng < -+ < ng is cut into matrix slices
{Til'i2~-»'id—2 = ((ti1i2--»id)id7ﬂd) €R™M-1XM 1 <4 <, k=1,2,...,d— 2} .
@ The spectral norm of a tensor 7 can be approximated by

1§ik§nk,mki)§,2,m,d—2 e

with an approximation bound \/Hi;f ng.
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Approximation bounds by matrix slices

A tensor T € R™M*™2X X1 with ny < ny < --- < ng is cut into matrix slices
{Til'i2~-»'id—2 = ((ti1i2--»id)id71¢d) €R™M-1XM 1 <4 <, k=1,2,...,d— 2} .
@ The spectral norm of a tensor 7 can be approximated by

1§ik§nk,mki)§,2,m,d—2 e

with an approximation bound \/Hi;f ng.

@ The nuclear norm of 7 can be approximated by

- 1/2
S3 3 Ml
i1=11i2=1 ig—o=1
with an approximation bound Z;? ny (the best bound so far).
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Approximation bounds by matrix slices

A tensor T € R™M*™2X X1 with ny < ny < --- < ng is cut into matrix slices

{Tmzmmfz = ((ti1i2--»id)id71¢d) €RM-1XM 1 < g <y, k=1,2,...

@ The spectral norm of a tensor 7 can be approximated by

1§ik§nk,mki)§,2,m,d—2 e

with an approximation bound \/Hi;f ng.

@ The nuclear norm of 7 can be approximated by

- 1/2
DD SR SRS
i1=1ip=1 ig—2=1
with an approximation bound Z;? ny (the best bound so far).

@ For the case d = 3, both bounds are \/n;.

Zhening Li, University of Portsmouth Bounds on tensor norms via tensor partitions

,d—z}.



An algorithm to approximate the tensor spectral norm

Algorithm

Find a rank-one tensor that approximates the spectral norm of a given tensor

from below, with an approximation bound \/Hz;f N

@ Input: A tensor T € R™"*"2X X" withny <ng < --- < ng

1 Compute

(41,52, +>Ja—2) = arg1g¢k§nk%i§,2,...,d—2 HTi1i2~~id—2”0

2 Find the left singular vector  and the right singular vector y

corresponding to the largest singular value of the matrix T}, j,...j, o

3 Compute X =e;, ®ej, ---Qej, , Jx @y where e; is the vector

whose j-th entry is one and other entries are zeros

@ Output: A rank-one tensor X € R *"2X X" with || X|2 = 1
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An algorithm to approximate the tensor nuclear norm

Algorithm

Find a rank-one decomposition of a given tensor that approximates its nuclear

norm from above, with an approximation bound Hk 1Nk
@ Input: A tensor T € R™*"2X X" withny <my < --- < ng

1 Compute SVD for the matrix

nd—1

Tijig.ig_p = Z Airig...ig_1 Lirig...ig_q O Yirio..ig_,
ig_q1=1
forall 1 <ip <ng, k=1,2,...,d— 2. If the rank of any matrix

Tiyiy...iq_o I strictly less than ng_1, add some zero singular values

2 Compute T =31 > C T Nivigeig 1€y @ €1 @0 ®

ig=1 ig—1=1

€iy o @ Tiris.ig_ 1 @ Yiiin. iy 4

@ Output: A rank-one decomposition of T
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Can we extend the main result?

If{T1,Tz,..., Tm} is a regular partition of a tensor T, then

[Tl (172llos - s 1 Tmllo) oo < 1T Mo < A1 Tillos [ T2llos - - 1 Tmllo)2 s
ATl T2l - M Tl < AT < ATl (T2l - M Tl

where || - ||p is the L, norm of a vector for 1 < p < co.
T11 T2 T T
Tl Tl
To1 Too T3 Ts
15
T31 T2 Ty Ts Ty
A modal partition A regular partition An irregular partition
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Can we extend the main result?

Theorem

If{T1,Tz,..., Tm} is a regular partition of a tensor T, then

[Tl (172llos - s 1 Tmllo) oo < 1T Mo < A1 Tillos [ T2llos - - 1 Tmllo)2 s
ATl T2l - M Tl < AT < ATl (T2l - M Tl

where || - ||p is the L, norm of a vector for 1 < p < co.

Questions of interest:
@ How about other tensor norms?
@ How about irregular (general) tensor partitions?

@ How about modal (specified) partitions?
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@ Spectral p-norm (1 < p < o)

AL, =max {(Az' @2 @ @a’) |zt =1,1< k< d}

it
N
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Bounds on the spectral p-norm and the nuclear p-norm

@ Spectral p-norm (1 < p < o)
Al =max{ (A2 @2 ®- - ®a'): ], =1,1<k <d}

@ Nuclear p-norm (the dual norm)

T

Al = min{ZlAi A=Y nelewle ol ok, =1re N}
=1

=1
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Bounds on the spectral p-norm and the nuclear p-norm

@ Spectral p-norm (1 < p < o)
Al =max{ (A2 @2 ®- - ®a'): ], =1,1<k <d}

@ Nuclear p-norm (the dual norm)

T

Al = min{ZlAi A=Y nelewle ol ok, =1re N}
=1

=1

© [|Al1, = [[Allc and [l A]loc. = [lA]}x
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Bounds on the spectral p-norm and the nuclear p-norm

@ Spectral p-norm (1 < p < o)

Al =max{ (A2 @2 ®- - ®a'): ], =1,1<k <d}

@ Nuclear p-norm (the dual norm)

[Allp.. == min{z A= Nz @@l - @, @], = 1,r N}
i=1 i=1

© [|Al1, = [[Allc and [l A]loc. = [lA]}x

If{T1,T2,...,Tm} is a tensor partition of a tensor T, then

[UITillpo s 1 T2l s - s 1Tmllpo Ml S NT Moo SNUTillpe s [172llpg - -5 [ Tmlloo)l,
I Tllows 1 72llpas - -5 1T llo) g < NTNoe SHAT2 e 1 T2llpes - - 1 Tmllp )l

Wherelgpgooand%—i—%:l.
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THANK YOU!
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