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Polynomial identities

Definition

A is commutative: ab — ba = 0 for every a,b € A.
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Definition

A is commutative: xy — yx € F(x,y) is a polynomial identity of A.



Polynomial identities

Definition

A is commutative: xy — yx € F(x,y) is a polynomial identity of A.

An element f € F(xq,...,xq) is a polynomial identity of an algebra A if
f(ai,...,ag) =0 forall aj,...,aq € A



Polynomial identities
M ()

Standard polynomial: Sy(xq, ...

7Xd) = Eaesd(_]‘)gxa(l) . 'Xa'(d)-



Polynomial identities
M ()

Standard polynomial: Sd(Xl, . 7Xd) = Zaesd(_l)gxa(l) “ Xo(d)-
Sp241 is a polynomial identity of M,(F) - obvious.



Polynomial identities
M ()

Standard polynomial: Sd(Xl, . 7Xd) = Zaesd(_l)gxa(l) “ Xo(d)-
Sp241 is a polynomial identity of M,(F) - obvious.

Amitsur-Levitzki 1950
Son is a polynomial identity of M,(F).



Polynomial identities
Specht problem

An ideal /'in F(xy,...,xq) is a T- ideal if f(g,...
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.84) € [ for all



Polynomial identities
Specht problem

An ideal /in F(xy,...,xq) is a T- ideal if f(g1,...,84) € I for all
81,184 EF{xy,...,xq), f €L

Kemer 1987
T-ideal of polynomial identities of M, () is finitely generated.



Trace identities

Definition

x2 —tr(x)x + det(x)1 = 0 on My(FF).



Trace identities

Definition

x? — tr(x)x + 3(tr(x)? — tr(x?))1 = 0 on My(F).



Trace identities

Definition

x? — tr(x)x + 3(tr(x)? — tr(x?))1 = 0 on My(F).

A trace polynomial is a noncommutative polynomial that involves also
traces.



Trace identities

Definition

x? — tr(x)x + 3(tr(x)? — tr(x?))1 = 0 on My(F).

A trace polynomial is a noncommutative polynomial that involves also
traces, e.g. —2x1xox3 + tr(x2)tr(xax3)xa + tr(xq)tr(x)tr(x3)1.



Trace identities

Definition

x? — tr(x)x + 3(tr(x)? — tr(x?))1 = 0 on My(F).
A trace polynomial is a noncommutative polynomial that involves also

traces, e.g. —2X1X2X3 + tr(X12)tr(X2X3)X4 + tr(Xl)tl’(XQ)tr(X?,)l.

A trace polynomial f is a trace identity of M,(FF) if
f(ar,...,ag) =0 forall ay,...,aq € My(F).



Trace identities

Description

The Cayley-Hamilton identity is a trace identity of M,(F).
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Trace identities

Description

The Cayley-Hamilton identity is a trace identity of M,(F).

Procesi 1976, Razmyslov 1974

Every trace identity is a “consequence” of the Cayley-Hamilton identity.
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Quasi-identities

Definition

A quasi-identity of M,(F) is an identity of the form

Z )\M(le e ,Xd)M,
M

where M € F(xi,...,xq4) is a noncommutative monomial and
Am : Mp(F)? — T is a polynomial function.
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Definition

A quasi-identity of M,(F) is an identity of the form

Z )\M(le e ,Xd)M,
M

where M € F(xi,...,xq4) is a noncommutative monomial and
Am : Mp(F)? — T is a polynomial function.

» Ay = A €F ~  polynomial identity



Quasi-identities

Definition

A quasi-identity of M,(F) is an identity of the form
Z )\M(le ce ,Xd)M,
M
where M € F(xi,...,xq4) is a noncommutative monomial and

Am : Mp(F)? — T is a polynomial function.

» Ay = A €F ~  polynomial identity
» Ay induced by traces ~»  trace identity



Quasi-identities

Example

Antisymmetrization of

1) (2
X:Ez) X2(1)

vanishes on M;(IF).

(X3 — tI’(X3)) (X4 — tr(X4))



Quasi-identities

Problem

Is every quasi-identity of M,(IF) a consequence of the Cayley-Hamilton
identity?
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Quasi-identities

Problem

Is every quasi-identity of M,(IF) a consequence of the Cayley-Hamilton
identity?

Bregar, Procesi, S. 2014
No.
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Quasi-identities

Description

An element f € F(xy,...,xq) is a central polynomial of M,(F) if
f(a1,...,aq4) € Flforall ay,...,a, € M,(F).



Quasi-identities

Description

An element f € F(xy,...,xq) is a central polynomial of M,(F) if
f(a1,...,aq4) € Flforall ay,...,a, € M,(F).

Bresar, Procesi, S. 2014

Let P be a quasi-identity of M,(IF). For every central polynomial ¢ of
M, (FF) with zero constant term there exists m € N such that ¢™P is a
consequence of the Cayley-Hamilton identity.



Quasi-identities

Description

An element f € F(xy,...,xq) is a central polynomial of M,(F) if
f(a1,...,aq4) € Flforall ay,...,a, € M,(F).

Bresar, Procesi, S. 2014

Let P be a quasi-identity of M,(IF). For every central polynomial ¢ of
M, (FF) with zero constant term there exists m € N such that ¢™P is a
consequence of the Cayley-Hamilton identity.

A T-ideal of quasi-identities is finitely generated.



Functional identities

Definition

A functional identity is an identity of the form

ZFk(Xd Xk = ZX/G/ Xd

keK leL
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Functional identities

Examples

> [Qz(ax, by), cz] =0 on M(F).

> xFi(y) + yFa(x) = Gi(y)x + Ga(x)y has a standard solution

Fi(y) = ay + A(y),
Fa(x) = bx + p(x),
Gi(y) = yb + A(y),
Ga(x) = xa + p(x)



Functional identities

Description

Bregar, S., 2014
Every one-sided functional identity of M,(IF) is a consequence of the
Cayley-Hamilton identity.

Every solution of a functional identity on M,(FF) is standard modulo
one-sided identities.
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