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Notation
H the skew field of real quaternions

T = ap+ aii + as) + azk € H, ap, a1, a2, a3 € R
Then
R(x) = ay,
U (x) = ari + agj + ask

¥ = ay— aqi — as) — ask

2| = v/a + a? + a} + a3

A= [CLZ'J'] e H™*" then
A° = [t € HO



Numerical ranges with respect to

conjugation
The set

WH(A) = {2z*Ax : 2*z =1, reH"™'} CH

*

is known as the (quaternion) numerical range of
AeH""
with respect to the conjugation.

Elementary properties:
(1) WH(A) is compact and connected

(2) Ify; € WH(A) and y» € H is such that Ry, = Ry,
and |BVys| = [YVy1], then also yo € WH(A)

(3) WH(A) = {0} if and only if A =0
(4) WH(A) c R if and only if A = A*
(5) RWHE(A)) = {0} if and only if A = —A*
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(6) for A € H"" unitary U € H"™", and real a, we
have

WU AU) = W (A),
WH(A+al) =a+WH(A),
W (aA) = aWH(A).

The quaternion numerical ranges are generally non-

convex:



Example

Let

A 0
— >
A [OA()]’ n > 2,

where A € H \ {0} has zero real part, and Ay €
H(=Dx("=1) ig hermitian and either positive or neg-
ative definite. Clearly, A € WH(A), and, therefore,
also —\ € WH(A) (because —\ is congruent to \).

But one easily checks that
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0= -A+=(—A

does not belong to WA (A). Indeed, if we had

T\ +y Ay =0, forsome z € H, ye H"x1

then, since R (x*Ax) = 0 and U (y*Apy) = 0, we must
have

' Ar =y Agy = 0,

which yields z = 0 and y = 0.



So, Thompson (1996): Intersection of WH(A) with

closed upper complex half plane is convex

Open Problem
Prove (or disprove) that a convexr set S C H
has the property that WHE(A)NS is convex for every

A e H™" if and only if there is no nonreal A € S
such that \ € S

Open Problem

Identify classes of matrices for which convexity

of the numerical range holds true



Joint numerical ranges

For a p-tuple of hermitian matrices
Ay, .. A, e HY
the H-j0int numerical range is defined by
WJIA,y, ... A)
= {(x*Alx, Lot Ax) e R s axfe =1, z € H"Xl}
Subset of RP.
Basic convexity result:

Theorem

(1) If n # 2 and Ay,..., A5 € H"" are hermitian,
then WJH(A,, ..., As) is convez.

(2) If Ay, ..., Ay € H™" are hermitian, then
WJIR(AL . A

18 convex.



(3) Let Ay, ..., As € H**? be hermitian. Then
WIR(A,, ... A

15 convex if and only if the 6-tuple of matrices
{A1,..., A5, I} is linearly dependent over the

reals.
Parts (1) and (2): Au-Yeung, Poon (1979)

Global vs local geometry of numerical ranges

A subset D of RF will be called a d-dimensional
halfspace if there exist d linearly independent vectors
V1, ...,04 € R” and a nonzero vector vy € span {vy, ..., v4}

such that
D = {v € span {vy,..., v} : (v,v9) <0.}

F=R,. F=C,orF=H
Theorem.

The following statements are equivalent for a
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pair of hermitian matrices
(A1, As), A, € B,

(a) WJE(Ay, Ay) is contained in a 2-dimensional half-
space.
(b) WJIF(X*A1 X, X*AyX) is contained in
a 2-dimensional halfspace
for every isometry X into F".
(¢) There ism > 2 such that W JX (X*A1 X, X*As X))
s contained in
a 2-dimensional halfspace
for every isometry X : F" — F".
(d) WJIF(X*A1 X, X*AyX) is contained in
a 2-dimensional halfspace

for every isometry X : F?2 — F".
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Holds also for selfadjoint operators in infinite dimen-

sional Hilbert space

Cheung, Li, R. (2007), R. (2008)
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Extend to k-tuples:

Conjecture
The following statements are equivalent for a k-

tuple of n X n hermitian matrices A = (A, ..., Ap),

and for a fixed integer d, 0 < d < k:

(a) WJE(A) is contained in a d-dimensional halfs-
pace.

(b) WJIF(X*AX) is contained in a d-dimensional
halfspace for every isometry X wnto F".

(c) There is m > d such that WJY (X*AX) is con-
tained 1 a 2-dimensional halfspace for every isom-
etry X : F"" — F".

(d) WJIF(X*AX) is contained in a d-dimensional

halfspace for every isometry X : F¢ — F".
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Numerical ranges: other involutions

A map ¢ : H — H is called an antzendomor-

phism if
o(zy) = o(y)o(z) ¥V x,y e H,

and

ox+y) =o¢x)+oy) V x,y€ H.

An antiendomorphism ¢ is called an involution if

o(p(x) =2 V xe€H.

Ex.: ¢(x) =2

Other examples:

P(ag + ai + asj + ask) = ag + aqi + asj — ask
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In general: If ¢ is an involution different from the

conjugation, then ¢ is real linear and
10
o=[or,
with respect to the real basis {1,i,j,k}, where T is

3% 3 real orthogonal symmetric matrix with eigenvalues

1,1,—1

There is v € H, |v| = 1, unique up to negation, such

that ¢(v) = —v

Inv(p)={x e H : ¢(x) = x}

3-dimensional real subspace of H

A¢ = [¢(a]‘72‘] c H"™
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Numerical ranges

Ae H™"
fixed o € Inv (¢):

WQEQ)(A) = {wyAr 241 =a, € H}

Writing ae = 7,47y for some v € H we see that
« 1
Wi (A4) = Wy (A,
assuming a # 0. Thus, we can focus on

wil(A) and W(A),

To avoid trivialities, in the latter case n > 2 will be

assumed.
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Elementary properties:

Proposition If A, U € H"", where U is ¢-unitary,
and if a € R, then

WL U,AL) — W),

Wi (A +al) = W (A) + aa,
Wi (aA) = a W™ (A)
for every a € Inv (¢).

qu&>(A) is connected but not necessarily bounded
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Open Problem Identify those a € Inv(¢) and
A e H™" for which WQ(SQ)(A) is bounded.

A complete answer is available for the case a = 0:

Theorem

The numerical range WQ(SO)(A), where A € H"",
n > 2, 1s bounded if and only if n > 3 and A = al
for some real a, or n =2 and A has the form

ap + alﬁ a9 + agﬁ
—as +azf ag — a1

for some ag, a1, a2,a3 € R
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Proposition

Let A € H"™". Then:

(1) W(O‘)(A) = {0} for some (equivalently, for all
¢
a € Inv (@) \ {0} if and only if A =0;
2 W(&)(A C Inv(¢) for some (equivalently, for
¢
all) o € Inv () \ {0} if and only if A= A,;
(3) qua)(A) is contained in the real span of B for

some (equivalently, for all) a € Inv(¢) \ {0} if
and only if A = —A,.
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This result is false for ¢ = 0:

Example

Let 8 € H be such that |3] =1 and ¢(8) = —p.
|80

Let A = [O _5] :

We claim that

wi"(A) = {0}.
b

c
condition zg4r = 0 amounts to bgb + cyc = 0, which,

Indeed, for x = [ ] e H?>*! where b,c € H, the

in turn, implies |b| = |c| (because ¢ is an isometry on

H). On the other hand, we have b,8b = §]b|?; hence,

zoAx = byBb — cyfc = B(|b]° — |c]?),

which is equal to zero as long as |b| = |c|.
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Theorem.

Let Ae H™" n > 2.

(1) W;O)(A) = {0} if and only if either n =2 and A
has the form

ag + Cllﬁ a9 + agﬂ
—ay +asf ap— a1

for some ag, a1, a9,a3 € R, orn >3 and A = al

A:

for some real a.

(2) Wéo)(A) C Inv (¢) if and only if n > 3 and A is
¢-hermitian (Ay = A) or n =2 and A has the

form

a3 as + asf3
A= + B,
—ay + a3  —a1f

for some ay,as,a3 € R and some ¢-hermitian

matrix B.

(3) quo)(A) is contained in the real span of B if and
only if A has the form A =al+ B, wherea € R

and B 1s ¢-skewhermitian.
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Joint numerical ranges: other involutions

Fix an involution ¢ other than conjugation
Fix a € Inv (¢)

For a p-tuple of ¢-hermitian matrices
Ay, .. A, e HY
let
WIS (A, .., A))
= {(vy A1, ..., 25 A07) T mer =, =€ H™'},
be the joint p-numerical range of Ay, ... A,

WIS (A, Ay) C (Inv ()

Open Problem.
Study geometric properties of joint ¢-numerical
ranges versus algebraic properties of the constituent

matrices.
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For ¢-skewhermitian matrices: Ay = —A
another version of joint numerical ranges:

p-tuple of ¢-skewhermitian n xn quaternion matrices
(Ay,..., A))
Define the joint ¢-numerical range
WJy(Ar, ..., Ay) = {(zsA12, 2502, ..., x5AX) :
zeH", |z =1} € H”.

Since ¢(vy,Azr) = —xsAx, we clearly have that

WJ¢(A1,---,Ap> g {(ylﬁ)avypﬁ)
: ylay27"'7yp€R}°
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Theorem

(1) If n # 2, then
W Js(Ar, Ag, Ag, Ay, As)
15 convex for every b-tuple of ¢-skewhermitian ma-
trices Ay, ..., As.

(2) If n = 2, then WJ,(A1, A, A3, Ay) is con-
vex for every 4-tuple of ¢-skewhermitian matrices
Aq, ... Ay

(3) If n =2, then W J,(Ay, Ay, As, Ay, As) is con-
vex for a b-tuple of p-skewhermitian matrices Ay, . ..
if and only if the 6-tuple of ¢-skewhermitian matri-
ces (Aq, ..., Ay, BI) is linearly dependent over the

reals.
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Numerical range in a halfplane

We identify here R?*8 with R?.

Theorem.

The following statements are equivalent for a pair

of ¢-skewhermitian n x n matrices (A, B):

(1) WJs(A, B) is contained in a half-plane bounded

by a line passing through the origin,

(2) the pencil A+ tB is ¢-congruent to a pencil of
the form BA" +t8B', where A" and B’ are real

symmetric matrices such that some linear com-
bination (sin u)A" + (cosp)B’, 0 < p < 27 1is

positive semidefinite.
@-congruence:
A+tB —  SRAS +tS4BS,

where S € H"*" is invertible.
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