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S semigroup/semiring/nearring/poset/... −→ Γ(S)

Γ(S) is the zero-divisor graph of S, if:

vertices: x ∈ S zero-divisor, x 6= 0
x−y is an edge ⇐⇒ x 6= y and xy = 0 or yx = 0

Beck [’88], Akbari, Anderson, Badawi, DeMeyer, Livingston,
Mohammadian, Mulay, Redmond, . . . [’99-]
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Anderson, Badawi [’08]

S semiring/ring −→ τ(S)
Z (S). . . zero-divisors of S

τ(S) is the total graph of S, if:

vertices: all elements x ∈ S
x−y is an edge ⇐⇒ x 6= y and x + y is a zero-divisor.
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Examples

0 1

2 3

(0,0) (1,0)

(0,1) (1,1)

τ(Z4)

= 2K2 τ(Z2×Z2) = C4

0 0

τ(F ) = K1∪K2∪K2∪ . . . τ(F ) = K1∪K1∪K1∪ . . .

F a field, char (F ) 6= 2 F a field, char (F ) = 2
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R a commutative ring with 1

Z (R) /R R−Z (R)

0
1

2 ∈ Z (R) 2 ∈ R−Z (R)
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Z (R) 6 R R−Z (R)

x + y /∈ Z (R)

0

x

−x

y

x + y

1

Theorem (Anderson, Badawi, ’08)

R commutative ring.
If τ(R) connected, then diam(τ(R)) = d(0,1).
If R finite, then diam(τ(R)) = 2.
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Theorem
If F is a field and n ≥ 2, then

diam(τ(Mn(F )) = 2

and τ(Mn(F )) is Hamiltonian.

R/J ∼= Mn1(F )×Mn2(F2)× . . .×Mnt (Ft )

Theorem
|R|< ∞

τ(R) is Hamiltonian if and only if R is not local.
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A semiring is a set S equipped with binary operations + and ·
such that

(S,+) is a commutative monoid with identity element 0,
(S, ·) is a monoid with identity element 1,
Operations + and · are connected by distributivity,
0 annihilates S.

Example

rings, positive cones of ordered rings (R+, Z+, . . . ),
binary Boolean semiring B,
distributive lattices,
max algebra R+(max, ·), tropical semiring R∪{−∞}(max,+),
matrices over semirings,. . .
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Example

a1 = 0

a2 a3

b4

b5

bn−1

bn = 1

...

DLn =

b5b4 bn−1 bn

. . .

a2 a1 a3

τ(DLn) =
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Example
SP4 = {0,1,2,b}

+ 0 1 2 b
0 0 1 2 b
1 1 2 1 2
2 2 1 2 1
b b 2 1 0

· 0 1 2 b
0 0 0 0 0
1 0 1 2 b
2 0 2 2 0
b 0 b 0 b

02 b 1
τ(SP4) =
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Theorem
If S a finite commutative semiring and 4≤ girth(τ(S))< ∞, then
S ∼= Z2×Z2.
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Theorem
If S is a finite commutative semiring and girth(τ(S)) = ∞, then

τ(S) S

|S|K1
S a field, char (S) = 2

S is an antinegative entire semiring
|S|−1

2 K2∪K1 S a field, char (S) 6= 2

K2∪mK1

S = T ∪{a},
T antinegative entire semiring,

a2 = 0 and ta = a for all t ∈ T −{0}
2K2 R ∼= Z4

P3∪nK1, n ≥ 1 S contains a subsemiring ∼= DL4
P4 S ∼= SP4

Polona Oblak Total graphs of (semi)rings



Theorem
If S is a finite commutative semiring and girth(τ(S)) = ∞, then

τ(S) S

|S|K1
S a field, char (S) = 2

S is an antinegative entire semiring

|S|−1
2 K2∪K1 S a field, char (S) 6= 2

K2∪mK1

S = T ∪{a},
T antinegative entire semiring,

a2 = 0 and ta = a for all t ∈ T −{0}

2K2 R ∼= Z4
P3∪nK1, n ≥ 1

S contains a subsemiring ∼= DL4

P4

S ∼= SP4

Polona Oblak Total graphs of (semi)rings



Theorem
If S is a finite commutative semiring and girth(τ(S)) = ∞, then

τ(S) S

|S|K1
S a field, char (S) = 2

S is an antinegative entire semiring
|S|−1

2 K2∪K1 S a field, char (S) 6= 2

K2∪mK1

S = T ∪{a},
T antinegative entire semiring,

a2 = 0 and ta = a for all t ∈ T −{0}

2K2 R ∼= Z4
P3∪nK1, n ≥ 1

S contains a subsemiring ∼= DL4

P4

S ∼= SP4

Polona Oblak Total graphs of (semi)rings



Theorem
If S is a finite commutative semiring and girth(τ(S)) = ∞, then

τ(S) S

|S|K1
S a field, char (S) = 2

S is an antinegative entire semiring
|S|−1

2 K2∪K1 S a field, char (S) 6= 2

K2∪mK1

S = T ∪{a},
T antinegative entire semiring,

a2 = 0 and ta = a for all t ∈ T −{0}

2K2 R ∼= Z4
P3∪nK1, n ≥ 1 S contains a subsemiring ∼= DL4

P4

S ∼= SP4

Polona Oblak Total graphs of (semi)rings



Theorem
If S is a finite commutative semiring and girth(τ(S)) = ∞, then

τ(S) S

|S|K1
S a field, char (S) = 2

S is an antinegative entire semiring
|S|−1

2 K2∪K1 S a field, char (S) 6= 2

K2∪mK1

S = T ∪{a},
T antinegative entire semiring,

a2 = 0 and ta = a for all t ∈ T −{0}

2K2 R ∼= Z4
P3∪nK1, n ≥ 1 S contains a subsemiring ∼= DL4

P4 S ∼= SP4

Polona Oblak Total graphs of (semi)rings



Theorem
If S is a finite commutative semiring and girth(τ(S)) = ∞, then

τ(S) S

|S|K1
S a field, char (S) = 2

S is an antinegative entire semiring
|S|−1

2 K2∪K1 S a field, char (S) 6= 2

K2∪mK1

S = T ∪{a},
T antinegative entire semiring,

a2 = 0 and ta = a for all t ∈ T −{0}
2K2 R ∼= Z4

P3∪nK1, n ≥ 1 S contains a subsemiring ∼= DL4
P4 S ∼= SP4

Polona Oblak Total graphs of (semi)rings


	Main Part

