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S semigroup/semiring/nearring/poset/... — T(S)
I'(S) is the zero-divisor graph of S, if:

@ vertices: x € S zero-divisor, x # 0
@ x—yisanedge < x#yandxy=0o0ryx=0
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S semigroup/semiring/nearring/poset/... — T(S)
I'(S) is the zero-divisor graph of S, if:

@ vertices: x € S zero-divisor, x # 0
@ x—yisanedge < x#yandxy=0o0ryx=0

Beck ['88], Akbari, Anderson, Badawi, DeMeyer, Livingston,
Mohammadian, Mulay, Redmond, ...['99-]
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S semiring/ring —  7(S)
Z(S)...zero-divisors of S

7(S) is the total graph of S, if:

@ vertices: all elements x € S
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Anderson, Badawi ['08]

S semiring/ring —  7(S)
Z(S)...zero-divisors of S

7(S) is the total graph of S, if:

@ vertices: all elements x € S
@ x—yisanedge <= x # y and x+ y is a zero-divisor.
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Examples
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T(Z4)

Polona Oblak Total graphs of (semi)rings



Examples

2 IS
OI 1
T(Z4) = 2K2
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Examples

, g on_ (1)
[ ] .o
0 1 (0,0) (1,0
T(Z4) = 2K2 T(ZQ X Zg)
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0 Is (0,1) (1,1)
OI 1 (0,0) (1,0
T(Z4) = 2K2 T(ZQ X Zg) = C4
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Examples

0 Is (0,1) (1,1)
oI 1 (0,0) (1,0
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F afield, char(F) # 2
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Examples

0 Is (0,1) (1,1)
oI 1 (0,0) (1,0
T(Z4) = 2K2 T(ZQ X Zg) = C4

= [ ][]

T(F):K1UK2UK2U...

F afield, char(F) # 2
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Examples

ZI Is (0,1) (1,1)
0 1 (0.0) (1.0)
T(Z4) = 2K2 T(ZQ X Zg) = C4
O O o o
0o I I I I 0o
O O o o
T(F):K1UK2UK2U... ’C(F)
F afield, char(F) # 2 F afield, char(F) =2
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0 5 (0,1) (1,1)
oI I1 (0.0) (1.0)
T(Z4) = 2K2 T(ZQ X Zg) = C4
O O o) o)
0 I I I I 0
O O o) o)
T(F):K1UK2UK2U... ’C(F):K1UK1UK1U...
F afield, char(F) # 2 F afield, char(F) =2
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R a commutative ring with 1
Z(R)<R R—Z(R)

1
OO0OO0O0O0O0O0O0

oo

OO0OO0OO0OO0OO0OO0O
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R a commutative ring with 1
Z(R)<R R—Z(R)

1
0 OO0OO0O0O0O0O0O0

OO0OO0OO0OO0OO0OO0O

Polona Oblak Total graphs of (semi)rings



R a commutative ring with 1
Z(R)<R R—Z(R)
2eZ(R)

* RN
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R a commutative ring with 1

Z(R)<R R—Z(R)
2ec R—Z(R)
0 ! o
W R
Dok D
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x+yé¢Z(R)
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x+yé¢Z(R)
Theorem (Anderson, Badawi, '08)

R commutative ring.
If T(R) connected, then diam(7(R)) = d(0,1).
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X+
_x v
(@]
(o]
(@]
(@]
x+yé¢Z(R)

Theorem (Anderson, Badawi, '08)
R commutative ring.

If T(R) connected, then diam(7(R)) = d(0,1).
If R finite, then diam(z(R)) = 2.
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Theorem
If F is a field and n > 2, then

diam(t(Mnp(F)) =2
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Theorem
If F is a field and n > 2, then

diam(t(Mn(F)) =2 and ©(Mn(F)) is Hamiltonian.

R/J = Mp, (F) x Mp,(F2) x ... x Mn,(Ft)

Polona Oblak Total graphs of (semi)rings



Theorem
If F is a field and n > 2, then

diam(t(Mn(F)) =2 and ©(Mn(F)) is Hamiltonian.

R/J = Mp, (F) x Mp,(F2) x ... x Mn,(Ft)
Theorem

|R| < oo
©(R) is Hamiltonian if and only if R is not local.
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Examples

0 5 (0,1) (1,1)
oI I1 (0.0) (1.0)
T(Z4) = 2K2 T(ZQ X Zg) = C4
O O o) o)
0 I I I I 0
O O o) o)
T(F):K1UK2UK2U... ’C(F):K1UK1UK1U...
F afield, char(F) # 2 F afield, char(F) =2
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A semiring is a set S equipped with binary operations + and -
such that
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A semiring is a set S equipped with binary operations + and -
such that

@ (S,+) is a commutative monoid with identity element 0,
@ (S,-) is a monoid with identity element 1,

@ Operations + and - are connected by distributivity,

@ 0 annihilates S.
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@ (S,+) is a commutative monoid with identity element 0,
@ (S,-) is a monoid with identity element 1,

@ Operations + and - are connected by distributivity,

@ 0 annihilates S.

Example
rings, positive cones of ordered rings (R*, Z™, ...),

Polona Oblak Total graphs of (semi)rings



A semiring is a set S equipped with binary operations + and -
such that

@ (S,+) is a commutative monoid with identity element 0,
@ (S,-) is a monoid with identity element 1,

@ Operations + and - are connected by distributivity,

@ 0 annihilates S.

Example

rings, positive cones of ordered rings (R*, Z™, ...),
binary Boolean semiring 4,

Polona Oblak Total graphs of (semi)rings



A semiring is a set S equipped with binary operations + and -
such that
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@ Operations + and - are connected by distributivity,

@ 0 annihilates S.

Example
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A semiring is a set S equipped with binary operations + and -
such that

@ (S,+) is a commutative monoid with identity element 0,
@ (S,-) is a monoid with identity element 1,

@ Operations + and - are connected by distributivity,

@ 0 annihilates S.

Example

rings, positive cones of ordered rings (R*, Z™, ...),

binary Boolean semiring 4,

distributive lattices,

max algebra R*(max, -), tropical semiring RU {—oo}(max, +),
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A semiring is a set S equipped with binary operations + and -
such that

@ (S,+) is a commutative monoid with identity element 0,
@ (S,-) is a monoid with identity element 1,

@ Operations + and - are connected by distributivity,

@ 0 annihilates S.

Example

rings, positive cones of ordered rings (R*, Z™, ...),

binary Boolean semiring 4,

distributive lattices,

max algebra R*(max, -), tropical semiring RU {—oo}(max, +),
matrices over semirings,. . .

Polona Oblak Total graphs of (semi)rings



Example

.bn = 1
by 1
DLn— Tbs
.b4
/
ae [ X=X
N/
® 4y =0
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Example

.bn:1
by 1
a aq as
o—0—oO
DL, = o bs 7(DLy) =
b, O o *°° o o
y by  bs bn_1 bn
32.\ /033
oa1:0
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Example

SP, = {0,1,2,b}
+oj1]2]b Joj1]2]b
ofol1]2|b ofolojolo
17272 101 /2[b
AFRERE 2f0j2[2]0
blbl2[1]0 blolb|o|b
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Example

SPy;={0,1,2,b}
+o]1]2]b -JJoJ1]2]b
ofo|1|2|b 0((0[{0|0|0
14112112 1{0[1(2]|b
212|121 2(0(2|2]0
bib|2/1|0 b||0O[b|O]|b
T(SPs) = ——p ¢
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Example

SP, = {0,1,2,b}

—|—H0‘1‘2‘b 'HOU 2| b
0Ofo0|1]|2|b 0(o0jo0f0]|O0
T1]2[1]2 1o]1[2]b
22121 2([o[2]2]0
biibl2|1]0 b||O[b|0|b

= o0—o0—0—0

(SPy) = ¢ b 1
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Theorem

If S a finite commutative semiring and 4 < girth(7(S)) < «, then
S Zg X Zg.
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Theorem
If S is a finite commutative semiring and girth(z(S)) = oo, then
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Theorem
If S is a finite commutative semiring and girth(z(S)) = oo, then

| 1(S) | S |

S a field, char(S) =2
|S|K; 2
BTk, UK, S a field, char(S) # 2
Kg U mK1
2K, R=Z4
PsUnKy, n> 1
Py
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Theorem
If S is a finite commutative semiring and girth(z(S)) = oo, then

G s |

S a field, char(S) =2
|S|Kq ) ) . - —
S is an antinegative entire semiring
B K UK, S a field, char(S) # 2
K> U mK;
2K> R>=27Z4
P;UnKi, n>1
Py
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Theorem
If S is a finite commutative semiring and girth(z(S)) = oo, then

IO 5 |

S a field, char(S) =2
|S|Kj ) ) . - —
S is an antinegative entire semiring
B K UK, S a field, char(S) # 2
K> U mK;
2K> R=Z,
PzUnKy, n> 1 S contains a subsemiring == DL,
Py
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Theorem
If S is a finite commutative semiring and girth(z(S)) = oo, then

IO 5 |

S a field, char(S) =2
|S|Kj . . . . —
S is an antinegative entire semiring
B K UK, S a field, char(S) # 2
K> U mK;
2K> R=27,4
PzUnKy, n> 1 S contains a subsemiring == DL,
Py S= SPy
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Theorem
If S is a finite commutative semiring and girth(z(S)) = oo, then

IO 5 |

S a field, char(S) =2
IS1Ks S is an antinegati i i
gative entire semiring
B K UK, S a field, char(S) # 2
S=Tu{a},
K> U mK; T antinegative entire semiring,
a=0andta=aforalltc T—{0}
2K> R>=27Z4
PsUnKy, n>1 S contains a subsemiring = DL,
Py S=SP,
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