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Preliminaries

Let F be a field, let A be a finite-dimensional associative unitary F-algebra
and let S = {a1,...,ak} be a finite generating set for A.
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Preliminaries

Let F be a field, let A be a finite-dimensional associative unitary F-algebra
and let S = {a1,...,ak} be a finite generating set for A.

By words we mean the products of elements from S, the length of a word
is the number of letters in it.

Denote
) ﬁm(S) = <a,-1 cee a,-t]t < IT7>;
e L(S) for the linear span of all words in S.

Lo(S) € L1(S) € -+ € Lim(S) = Lmta(S) = -~ = L(S) = A.
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Definition

A number /(S) is called length of a finite generating set S provided
I(S) =min{m € Zy : Ln(S) = A}.
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Definition

A number /(S) is called length of a finite generating set S provided
I(S) =min{m € Zy : Ln(S) = A}.

Definition

The length of the algebra A is the number /(A) = max{/(S) : L(S) = A}.

Since dim £L;(S) < dim L 4+1(S) unless L£;(S) = A, then the trivial upper
bound for the length is /(A) < dim A — 1.

Theorem (C.J. Pappacena, 1997)

Let IF be an arbitrary field and let A be a finite-dimensional F-algebra.
Write d = dim A, m = max{dega: a € A}. Then

(A <m0y 1ym o

m_1 2772
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Let us note that the problem of length evaluation for a given set S is
equivalent to the one of finding a smallest number m such that the space
of values of all polynomials in S coincides with the space of values of
polynomials with degrees bounded by m.
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Let us note that the problem of length evaluation for a given set S is
equivalent to the one of finding a smallest number m such that the space
of values of all polynomials in S coincides with the space of values of
polynomials with degrees bounded by m.

When the set S contains only one matrix of size n X n, this question is
answered by the Cayley-Hamilton Theorem: /(S) < n— 1.

The case of 3 x 3 matrices was considered by Spencer and Rivlin in
connection with deformations of isotropic materials (when the stress matrix
is a polynomial in kinematic matrices).

Theorem (A. J.M. Spencer, R. S. Rivlin, 1959)

Let S be a set of K 3 x 3 matrices. Then
I(S)<2ifK=1,

I(S) < 5if K=2;

(S)< K+2if K >3.
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Length of the full matrix algebra

The problem of evaluating the length of the algebra M,(F) of n x n

matrices in terms of its order was posed by Paz in 1984 and has not been
solved yet.
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Length of the full matrix algebra

The problem of evaluating the length of the algebra M,(F) of n x n
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solved yet.

Theorem (A. Paz, 1984)

I(Mo(F)) < {”23“1 .
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Length of the full matrix algebra

The problem of evaluating the length of the algebra M,(F) of n x n

matrices in terms of its order was posed by Paz in 1984 and has not been
solved yet.

Theorem (A. Paz, 1984)

I(Mo(F)) < {”2 HW .

3

Theorem (C.J. Pappacena, 1997)

2n>? 1 n

I(Mn(F)) < n
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Length of the full matrix algebra

Conjecture (A. Paz, 1984)
I(M(F)) = 2n — 2.

O. V. Markova (MSU) On the length of matrix algebras 6 June 2014 6 /15



Length of the full matrix algebra

Conjecture (A. Paz, 1984)
I(M(F)) = 2n — 2.

It is true for n < 4.

O. V. Markova (MSU) On the length of matrix algebras 6 June 2014 6 /15



Length of the full matrix algebra

Conjecture (A. Paz, 1984)
I(M(F)) = 2n — 2.

It is true for n < 4.

Theorem (W.E. Longstaff, A.C. Niemeyer, Oreste Panaia, 2006)

(M.S. Lambrou, W. E. Longstaff, 2009)
Let n=5,6, S = {A, B} C Mp(C), L(S) = Mp(C). Then I(S) <2n—2.
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Lengths of upper-triangular matrix subalgebras

Let T,(F) denote the F-algebra of upper-triangular matrices of size n x n.
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Lengths of upper-triangular matrix subalgebras

Let T,(F) denote the F-algebra of upper-triangular matrices of size n x n.

Theorem (O.V. Markova, 2005)

Let F be an arbitrary field and let A C T,(F). Then
1L NTy(F)=n-1;
21(A)<n-1
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Lengths of upper-triangular matrix subalgebras

Let T,(F) denote the F-algebra of upper-triangular matrices of size n x n.

Theorem (O.V. Markova, 2005)

Let F be an arbitrary field and let A C T,(F). Then
1L NTy(F)=n-1;
21(A)<n-1

Upper bound:

n
TT(A = (A)ii!) =0 for any Aq,..., A, € To(F).
k=1

Generating set for T,(F):

S= {Ek,ky Ek,k+17 En,n|k = ]., e, n = 1}, /(S) =n-—1
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Upper bound for the length of commutative matrix algebras

Theorem (A. Paz, 1984)

Let A be a commutative subalgebra in the full matrix algebra M,(C) over
the field of complex numbers C. Then /(A) < n — 1.

O. V. Markova (MSU) On the length of matrix algebras 6 June 2014 8 /15



Upper bound for the length of commutative matrix algebras

Theorem (A. Paz, 1984)

Let A be a commutative subalgebra in the full matrix algebra M,(C) over
the field of complex numbers C. Then /(A) < n — 1.

Theorem (A.E. Guterman, O.V. Markova, 2009)

Let IF be an arbitrary field and let A be a a commutative subalgebra in the
matrix algebra M,(F). Then
LI(A)<n-1,
2. I(A) = n — 1 iff the algebra A is generated by a nonderogatory matrix
C, i.e. by such a matrix C € M,(IF), that

dimp((C°=E,, C, C?2,..., C" 1)) =n.
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Upper bound for the length of commutative matrix algebras

Theorem (A. Paz, 1984)

Let A be a commutative subalgebra in the full matrix algebra M,(C) over
the field of complex numbers C. Then /(A) < n — 1.

Theorem (A.E. Guterman, O.V. Markova, 2009)

Let IF be an arbitrary field and let A be a a commutative subalgebra in the
matrix algebra M,(F). Then
LI(A)<n-1,
2. I(A) = n — 1 iff the algebra A is generated by a nonderogatory matrix
C, i.e. by such a matrix C € M,(IF), that

dimp((C°=E,, C, C?2,..., C" 1)) =n.

In the present talk we would like to provide a description of commutative
subalgebras in M,(F) of the length n — 2 (i.e. with length closest to
maximal value) over algebraically closed fields.
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The following theorem shows that the problem can be reduced to the case
of nilpotent subalgebras of the length n — 2:

Theorem

Let IF be an algebraically closed field and let n € N, n > 2. Consider a
commutative subalgebra A in M,(F) of the length /(A) = n—2. Then
there exist a number m € N, 2 < m < n, a commutative subalgebra

B C M,(F) of the length m — 2 and of the type F/ + N, where A is a
nilpotent algebra, and if m < n, a commutative subalgebra C C M, ,,(FF)
generated by a nonderogatory matrix such that A is conjugated to the
algebra B& C.
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The following theorem shows that the problem can be reduced to the case
of nilpotent subalgebras of the length n — 2:

Theorem

Let IF be an algebraically closed field and let n € N, n > 2. Consider a
commutative subalgebra A in M,(F) of the length /(A) = n—2. Then
there exist a number m € N, 2 < m < n, a commutative subalgebra

B C M,(F) of the length m — 2 and of the type F/ + N, where A is a
nilpotent algebra, and if m < n, a commutative subalgebra C C M, ,,(FF)
generated by a nonderogatory matrix such that A is conjugated to the
algebra B& C.

v

Proof ideas: if A is not local itself, it is conjugated to a direct sum of some
smaller commutative matrix algebras R and 7 of sizes rand t, r +t = n.
For direct sum (R & T) < I(R) + I(T)+ 1 (O.M., 2005). Hence
r+t—2<r—r +t—t +1, for someintegers r',t' > 1, ie. ' =t =1
or wlog r' =2,t' = 1. If the field is large, (R)=r—1& I(T)=t—-1=
I(A) = n— 1. Thus, only the second option is possible.

O. V. Markova (MSU) On the length of matrix algebras 6 June 2014 9 /15



Let n € N, n > 3 and let F be an arbitrary field. Consider a commutative
local subalgebra A in M,(FF) of the type A = FE + J(A). If I(A) =n—2,
then the nilpotency index of the Jacobson radical of the algebra A is equal

ton—1.
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Let n € N, n > 3 and let F be an arbitrary field. Consider a commutative
local subalgebra A in M,(FF) of the type A = FE + J(A). If I(A) =n—2,
then the nilpotency index of the Jacobson radical of the algebra A is equal
ton—1.

Theorem (D.A. Suprunenko, R.I. Tyshkevich, 1966; I.A. Pavlov, 1967)

Let n > 3 and let F be an arbitrary field. Consider a commutative nilpotent
subalgebra B in M,(F) with the nilpotency index equal to n — 1, containing
a matrix B which minimal polynomial has the degree n — 1. Set

A =TFE, + B. Then the algebra A is conjugated in M,(F) with one of the
following subalgebras:

Aogin = (I, A A% A"2) where A= Ej5+ -+ Ey_2n-1 € My(F);
Al;n - <E1,n7 C’ Ce AO;n>;

-A2;n = <En,n717 C| Ce -AO;n>;

Az.n(a) = (E1n+ aEppn_1, C| C € Ap.p), n >4, €F, a #0.

v
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Description of commutative matrix algebras of the length
n—?2

Theorem

Let n > 2 and let F be an algebraically closed field. Consider a
commutative subalgebra A in M,(F), containing the identity matrix /,.
Then /(A) = n — 2 iff the algebra A is conjugated in M,(IF) with one of
the following algebras:

1. Fl,, if n=2;

2. FlL @ Cp_o, where Cp,_o € M,_»(F) is a subalgebra generated by a
nonderogatory matrix;

3. Ao:ni
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Description of commutative matrix algebras of the length

n—?2

4. Ai.n;

5. Az.p;

6. if n =4, Az.4(1);

7.if n=4, charF =2, Ass = (la, E1p + Ez4, E13+ Exa, E14);

8. Ajm ®Crm, where j =0,1,2,3<m<n, Chom € Mp_(F) is a

subalgebra generated by a nonderogatory matrix.
Algebras of the types 3-7 are pairwise non-conjugate.
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Let m,n € N, n > 4 and let F be an arbitrary field and let C C M,,(F) be a
subalgebra generated by a nonderogatory matrix.

Then for any a € F, a # 0 it holds that

1. I(A3p(a)) =n—3if n > 5;

2. [(Aza(a)®C) < m+1.
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THANK YOU!
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