






















































































Suppose that 

        σ   =  (λ1,         ...        , λn) 

is a list of complex numbers and  

          f(x)   =   (x - λ1)     ...    (x - λn) 

                    =  xn + p1xn-1 +  ...   +pn,   say.  

By comparing power sums of the elements of  

σ  with traces of powers of  Xn , for example, 

one can inductively find unique elements  x1,      

...      ,x n, such that the corresponding Xn  has 

characteristic polynomial f(x).          

So there is a matrix with entries in the field 

generated by the coefficients of f(x) which has 

spectrum  σ  and trace vector   

               en  =   (0,   ...    ,0,1)T .  
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If,  given σ,  we use instead of Xn the matrix Yn  

obtained from it by replacing the diagonal 

(1,2,   ...   , n-1)  by  (1,1,   ...    ,1)  (n – 1 

entries) and then compute the  x j  inductively 

such that the characteristic polynomial  of the 

principal leading j x j submatrix of Yn has 

characteristic polynomial the (n – j ) th 

derivative of f(x), made monic, then the 

resulting   Yn   will also have trace vector en . 
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 If the polynomial f(x) has integer coefficients, 

then the corresponding  Yn  will have rational 

entries, but not necessarily, integer entries. 

However, if the coefficient pj is divisible by  

              n(n-1) ...   (n-j+1)  

for j =1,    ...    ,n,  then Yn   will have integer 

entries.                                                                                                                                                                                                                        
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Finally, we consider a special case of the 

matrix Xn.   Let Sn be the matrix obtained from 

Xn by putting x2 = 1 and all other  j = 0. 

Then Sn has trace vector (0,    ...   ,0,1)T and 

characteristic polynomial the (statisticians’) 

Hermite polynomial Hen (x) given by 

             Hen(x) = exp(x2/2)Dn(exp(-x2/2)) 

where D=d/dx. 
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Let  fn(t)  :=   det(I  -  tSn ) be the reciprocal of 

Hen(x) and let  

                P(t)  := - tfn ‘(t)/fn (t).  

So 

   P(t)  =  T1(n)t + T2 (n)t2 +    ...  

where Tj (n)  = trace(Sn j )  is the sum of the j th 

powers of the roots of Hen(x)  =  0.    
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P(t) satisfies the Riccati equation 

 

 (1-(2n - 1)t2 )P(t)+t3 P’(t) = t2P(t)2 +  n(n – 1)t2. 
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There is a very considerable literature on the 

roots of Hen(x), especially in the area of 

combinatorics and theoretical computer 

science - in studying the average height of 

plane trees, De Bruijn, Knuth and Rice wrote a 

famous paper on the subject in 1972 (in 

which they introduced Mellin transforms into 

this area) and later, Flajeolet, Lagarias, 

Odlyzko, Zagier and many others, have done 

so. However, this Riccati equation has no 

known explicit solution in terms of 

elementary functions. 
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The power sum Tk (n) is a polynomial in n of 

degree k + 1 and the coefficient of nk+1 is the 

Catalan number Ck   = 
     

        
 . 

 

The Perron root of Sn is close to √(2√n). 

                                       50   



 

The polynomial fn(t) is a polynomial in t2 and,  

as such, it has positive roots (since, for 

example, Sn  is similar to a real symmetric 

matrix so the nonzero eigenvalues of Sn
2 are 

positive) and therefore it follows that the 

expansion in powers of  t  of 1 - fn (t)
2/n  has all 

its coefficients nonnegative. 
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