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This research on golden magic matrices started with June 10, 2014 LM-2

Cover 1 of Retour en Dalmatie: le carré magique (2006), by Jean François Dominis

[Giovanni Francesco Dominis/Ivan Franjo Dominis (b. Rab Island, Croatia: 1942)].
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Ljubljana & Rab Island June 10, 2014 LM-3

Ljubljana (centre top) is the site of the 23rd International Workshop on Matrices and Statistics (IWMS-2014),

and Rab Island (centre bottom A) birthplace of Jean François Dominis (b. 1942).
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Retour en Dalmatie: le carré magique June 10, 2014 LM-4

The magic square on Cover 1 of
Retour en Dalmatie: le carré magique
by Jean François Dominis (2006)
may be the most well-known

5× 5 magic square and
is at least 450 years old.

It was used by the magician,
occult writer, and astrologer

Heinrich Cornelius Agrippa von
Nettesheim (1486–1535)

as a magic-square planetary talisman
for the planet Mars.
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The Agrippa–Dominis magic matrix A June 10, 2014 LM-5

Our golden magic matrices M are
5× 5 classic fully-magic matrices where
M2 is a Toeplitz-circulant with top row
(p, q, r , r , q) and eigenvalues a + Φb.

Here Φ = (1 +
√
5)/2 is the Golden

Ratio and a, b are rational numbers.

The matrix M is fully-magic whenever
all the rows and columns and the two
main diagonals all add up to the same

number, the magic sum m.

When the entries are consecutive
nonnegative integers then we say that
the fully-magic matrix M is classic.

For example M = A
the Agrippa–Dominis magic matrix

A =




11 24 7 20 3

4 12 25 8 16

17 5 13 21 9

10 18 1 14 22

23 6 19 2 15




is classic fully-magic with
magic sum 65 and golden in that

A2 =




605 965 845 845 965

965 605 965 845 845

845 965 605 965 845

845 845 965 605 965

965 845 845 965 605




with p = 605, q = 965, r = 845.
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The Stifel-stamp magic matrix S June 10, 2014 LM-6

We define 5× 5 Stifelsche Quadrate as
5× 5 classic fully-magic matrices

where the 3× 3 nucleus
(inner centre submatrix or heart)
is also fully-magic and classic.

For example M = S,
the Stifel-stamp magic matrix

S =




3 18 21 22 1

24 16 11 12 2

7 9 13 17 19

6 14 15 10 20

25 8 5 4 23




is a Stifelsche Quadrat with a
3× 3 fully-magic classic nucleus.

A philatelic introduction to magic squares of 
Michael Stifel (1487--1567), Albrecht Dürer (1471--1528), 

Benjamin Franklin (1706--1790), and 
a Latin square of Felix Klein (1849--1925)

by George P. H. Styan

Stifelsche Quadrate are so called in
honour of the mathematician and

Augustinian monk

Michael Stifel (1487–1567).
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The Stifel-stamp matrix S enjoys a plus-flip property June 10, 2014 LM-7

The Stifel-stamp matrix S = {sij}
with magic sum m = 65 is not golden

but enjoys a plus-flip property

(I + F)S(I + F) = 4mĒ

plus-flip ⇒ s33 = 1
5m = 13.

The matrix S is not F-associated like the
Agrippa–Dominis matrix A

AF + FA = A + FAF = 2mĒ

which implies the plus-flip property

(I + F)A(I + F) = 4mĒ.

The flip matrix

F =



0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

1 0 0 0 0


while the matrix

Ē =
1
5



1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1


is the 5× 5 matrix with every entry equal to
1/5.
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The Golden Ratio Φ June 10, 2014 LM-8

Φ = 1
2(1 +

√
5) = 2 cos

π

5
= 1 + 2 cos

2π
5

= 1 +
1
Φ

' 1.6180339887498948482045868343656381177203091 . . .

Moreover, the two positive quantities a, b with a > b are said to be in
“Golden Ratio” whenever their ratio is the same as the ratio of their sum to
the larger of the two quantities, i.e.,

Φ =
a
b

=
a + b

a
.
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Philatelic Golden Ratio from Macau, China (2007) June 10, 2014 LM-9
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Toeplitz and Hankel matrices June 10, 2014 LM-10

As observed by Amela (2014) the
squared Agrippa–Dominis matrix A2 and its row-flipped partner FA2

A2 =




605 965 845 845 965

965 605 965 845 845

845 965 605 965 845

845 845 965 605 965

965 845 845 965 605



, FA2 =




965 845 845 965 605

845 845 965 605 965

845 965 605 965 845

965 605 965 845 845

605 965 845 845 965




are, respectively, Toeplitz and Hankel matrices,
named after the mathematicians

Otto Toeplitz (1881–1940) and Hermann Hankel (1839–1873).
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Otto Toeplitz (1881–1940) & Hermann Hankel (1839–1873) June 10, 2014 LM-11

According to an obituary article for Hankel, see also MacTutor and
Wikipedia, Hermann Hankel died in Schramberg near Tübingen on

29 August 1873 (age 34). We believe, therefore, that the
death-year 1893 on the MaPhyPhil Marke Individuell stamp is a typo.

George P. H. Styan13 Golden magic matrices



Hankel matrix H1 and Hankel circulant H2 June 10, 2014 LM-12

We define the 5× 5 Hankel matrix

H1 =



h0 h1 h2 h3 h4
h1 h2 h3 h4 h5
h2 h3 h4 h5 h6
h3 h4 h5 h6 h7
h4 h5 h6 h7 h8


with the 9 parameters h0, h1, . . . , h8. We may
think of the Hankel matrix H1 as the “one-step
backwards circulant without wrap-around”.

With wrap-around we get the Hankel circulant
H2 with just the 5 parameters h0, h1, h2, h3, h4

H2 =



h0 h1 h2 h3 h4
h1 h2 h3 h4 h0
h2 h3 h4 h0 h1
h3 h4 h0 h1 h2
h4 h0 h1 h2 h3


.

We note that both the Hankel matrix H1 and
the Hankel circulant H2 are symmetric but
that neither is (in general) centrosymmetric.

The square matrix K is centrosymmetric
whenever FKF = K, where F is the flip matrix.

And bisymmetric whenever it is both
centrosymmetric and symmetric.

Moreover, both H1 and H2 are
“backwards-diagonally constant” in that
each descending backwards-diagonal from

right to left is constant.

Then the Hankel matrix H1 equals the Hankel
circulant H2, i.e., H1 = H2, if and only if

h5 = h0, h6 = h1, h7 = h2, h8 = h3.

The Hankel matrix H is a Hankel circulant
if and only if H is semi-magic, i.e., all its rows

and columns add to the magic sum.

George P. H. Styan14 Golden magic matrices



Toeplitz matrix and Toeplitz circulant June 10, 2014 LM-13

We define the 5× 5 Toeplitz matrix T1
as the row–flipped Hankel matrix

T1 = FH1 =



h4 h5 h6 h7 h8
h3 h4 h5 h6 h7
h2 h3 h4 h5 h6
h1 h2 h3 h4 h5
h0 h1 h2 h3 h4


and the Toeplitz-circulant T2 as the
row-flipped Hankel-circulant H2 with
just the 5 parameters h0, h1, h2, h3, h4

T2 = FH2 =



h4 h0 h1 h2 h3
h3 h4 h0 h1 h2
h2 h3 h4 h0 h1
h1 h2 h3 h4 h0
h0 h1 h2 h3 h4


.

We note that neither the Toeplitz matrix T1
nor the Toeplitz-circulant T2 is

(in general) symmetric or
(in general) centrosymmetric.

Moreover, both T1 and T2 are
“forwards-diagonally constant” in that each

descending forwards-diagonal
from left to right is constant.

Then the Toeplitz matrix T1 equals the
Toeplitz circulant T2 if and only if

h5 = h0, h6 = h1, h7 = h2, h8 = h3.

The Toeplitz matrix T is a Toeplitz circulant
if and only if T is semi-magic.
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Transkei fishing flies (1980) = philatelic Toeplitz circulant June 10, 2014 LM-14

Loly & Styan (2010) discussed 5× 5 philatelic Latin squares in some detail. Here we present a
5× 5 philatelic Latin square from Transkei which is also a “philatelic Toeplitz circulant”.

4 CHANCE, Volume 23, Issue 2, Spring 2010 online version compiled: February 3, 2010

Courtesy George P. H. Styan

Figure 3. Transkei 1980: fishing flies; PLS type C1F

CHANCE Volume 23, Issue 2, Spring 2010
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The 5 × 5 Fourier matrix G June 10, 2014 LM-15

Following the seminal book Circulant Matrices, by Philip J. Davis (1979/1994), we define the
5× 5 Fourier matrix

G =
1
√
5



1 1 1 1 1

1 ω ω2 ω3 ω4

1 ω2 ω4 ω ω3

1 ω3 ω ω4 ω2

1 ω4 ω3 ω2 ω


where ω = ω1 is the first primitive 5th root of unity, and with the imaginary unit i =

√
−1

ω1 = ω = exp(2πi/5) = cos(2π/5) + i sin(2π/5) = 1
4

(
−1 +

√
5 + i

√
10 + 2

√
5
)

ω2 = ω2 = exp(4πi/5) = cos(4π/5) + i sin(4π/5) = 1
4

(
−1−

√
5 + i

√
10 + 2

√
5
)

ω3 = ω3 = exp(6πi/5) = cos(6π/5) + i sin(6π/5) = 1
4

(
−1−

√
5− i

√
10 + 2

√
5
)

ω4 = ω4 = exp(8πi/5) = cos(8π/5) + i sin(8π/5) = 1
4

(
−1 +

√
5− i

√
10 + 2

√
5
)
.
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The roots of unity ω are golden June 10, 2014 LM-16

It follows at once that the
roots of unity are golden in that

ω1 + ω4 = ω + ω4 = Φ− 1

ω2 + ω3 = ω2 + ω3 = −Φ.

Piero della Francesca (1415–1492):s
de Divina Proportione
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Grandpa & Glorious on Kindle June 10, 2014 LM-17
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Jean Baptiste Joseph Fourier (1768–1830) June 10, 2014 LM-18

According to Gilbert Strang in the Fourth Edition of his
Introduction to Linear Algebra (2009):

“The Fourier matrix is absolutely the most important
complex matrix in mathematics and science and engineering.”

The Fourier matrix is named after the well-known French mathematician and
physicist Jean Baptiste Joseph Fourier (1768–1830) best known for Fourier

analysis and the Fast Fourier transform (FFT), and for initiating the investigation
of Fourier series and their applications to problems of heat transfer and vibrations.

Fourier transform spectroscopy is a measurement technique whereby spectra are
collected based on measurements of the coherence of a radiative source,

using time-domain or space-domain measurements of the
electromagnetic radiation or other type of radiation.
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The Fourier matrix G and the flip matrix F June 10, 2014 LM-19

We find that

GFG =




1 0 0 0 0

0 ω4 0 0 0

0 0 ω3 0 0

0 0 0 ω2 0

0 0 0 0 ω




and so the Fourier matrix G
diagonalizes the flip matrix F
and the eigenvalues of both

GFG and FG2 are

1, ω, ω2, ω3, ω4.

We find this result on diagonalizing the
flip matrix F to be particularly
interesting (and surprising).

The flip matrix F is, however,
a Hankel circulant.
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More philatelic Fourier June 10, 2014 LM-20
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The 4× 4 Fourier-powers magic matrix Gp June 10, 2014 LM-21

In the 5× 5 Fourier matrix G we define the 4× 4 Fourier-powers magic matrix Gp
of the powers of ω in the lower-right 4× 4 submatrix of

√
5G

G =
1√
5




1 1 1 1 1

1 ω ω2 ω3 ω4

1 ω2 ω4 ω ω3

1 ω3 ω ω4 ω2

1 ω4 ω3 ω2 ω


, Gp =




1 2 3 4

2 4 1 3

3 1 4 2

4 3 2 1


.

Gp is bisymmetric fully-magic Latin with rank 3, index 1.

Gp is EP, i.e., GpG+
p = G+

p Gp

Gp is V-associated with centrosymmetric involutory V and so G+
p is

fully-magic.
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Stifelsche Quadrate & Arithmetica Integra June 10, 2014 LM-22

A philatelic introduction to magic squares of 
Michael Stifel (1487--1567), Albrecht Dürer (1471--1528), 

Benjamin Franklin (1706--1790), and 
a Latin square of Felix Klein (1849--1925)

by George P. H. Styan

The first bordered magic squares that we have found published in Europe are by
Michael Stifel (1487–1567) in his Arithmetica Integra (1544). The inner 5× 5 fully-magic

nucleus in the 9× 9 fully-magic square, left panel above, is flagged with a red box.
The 5× 5 bordered magic square on the stamp is, however, different.
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Arithmetica Integra & more philatelic Stifel June 10, 2014 LM-23

A philatelic introduction to magic squares of 
Michael Stifel (1487--1567), Albrecht Dürer (1471--1528), 

Benjamin Franklin (1706--1790), and 
a Latin square of Felix Klein (1849--1925)

by George P. H. Styan

A philatelic introduction to magic squares of 
Michael Stifel (1487--1567), Albrecht Dürer (1471--1528), 

Benjamin Franklin (1706--1790), and 
a Latin square of Felix Klein (1849--1925)

by George P. H. Styan
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Bernard Violle (1837) & Mikhail Frolov (1884) June 10, 2014 LM-24

Bernard Violle (fl. 1815–1838) in his extensive Traité Complet des Carrés Magiques
[vol. 1, pp. 46–85 (1837)] identified 594 bordered 5× 5 classic fully-magic squares, including

10 [× 3!× 3!× 8 = 2880] Stifelsche Quadrate with a consecutively-numbered 3× 3 nucleus.

The borders of these 10 magic squares were illustrated by Mikhail Frolov (1884):
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How many are there: 594, 602, 603, 604, 605? June 10, 2014 LM-25

Even with the internet we have found it
challenging to find out how many bordered

5× 5 classic fully-magic squares there are in all
and who first discovered the counts and when.

The first published count seems to be in 1837
with the detailed listing of 594 by

Bernard Violle (fl. 1815–1838) in his extensive
Traité Complet des Carrés Magiques

[vol. 1, pp. 46–85].

In April 1902, Charles Planck (1856–1935), in
a one-page letter to the editor in Nature,
identified 602 and so 8 more than the 594

found by Violle.

Planck, like Violle, observed that these magic
squares may be classified into 26 types and

Planck gave the frequencies per type.

A month later in May 1902, John Willis (b. 25
February 1819), also in a letter to the editor in
Nature, identified 603, and so one more than
Planck, and presented a complete list of 21
bordered magic squares of Planck’s Type R

with smallest entries 5, 7 in the 3× 3 nucleus.

Willis in his 1909 book Easy Methods of
Constructing the Various Types of Magic
Squares [pp. 97–102] listed in detail 604,

and so 2 more than Planck and 1 more than in
his [Willis] May 1902 Nature letter.

Henry Ernest Dudeney (1857–1930),
however, had announced already

3 years earlier in 1906 that there are
605 [= 174240/288] bordered 5× 5
classic fully-magic squares in all.

We believe that this total of 605 is it!
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Trove = Australian Newspapers Online (National Library of Australia) June 10, 2014 LM-26
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The Canterbury Puzzles (1907/1908) June 10, 2014 LM-27

Henry Ernest Dudeney (1857–1930) in his
Introduction to The Canterbury Puzzles and
Other Curious Problems (1907/1908) wrote

If we wish to make a magic square
of the 16 numbers,
1 to 16, there are just 880
different ways of doing it, not
counting reversals and reflections.
This has been finally proved of
recent years∗.

But how many magic squares may
be formed with the 25 numbers, 1
to 25, nobody knows**. We shall
have to extend our knowledge in
certain directions before we can
hope to solve this puzzle.

But it is surprising to find that
exactly 174240 such squares may
be formed of one particular
restricted kind only — the
bordered square, in which the
nucleus of 9 cells is itself magic.

And I have shown how this
number may be at once doubled
by merely converting every
bordered square — by a simple
rule — into a non-bordered one.

*We believe the first proof that there are
precisely 880 classic 4× 4 magic squares was

by Friedrich Fitting in 1931.

**Thanks to Richard Schroeppel in 1973,
we now know, however, that there are

275, 305, 224 ' 275× 106.
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The Canterbury Puzzles: Henery Ernest Dudeney (1857–1930) June 10, 2014 LM-28
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The “Dudeney total” = 174240 = 605× 288 June 10, 2014 LM-29

We conjecture that Dudeney announced this
total of 174240 before 8 September 1906,
possibly in The Weekly Dispatch, a British
newspaper in which he published extensively,
sometimes under the pseudonym Sphinx.

This Dudeney total = 174240 was confirmed
by [Major] John Chaplyn Burnett (1863–1943)

in his 1936 book Easy Methods for the
Construction of Magic Squares.

Burnett acknowledged receiving
“many valuable hints” from Planck.

The Dudeney total = 174240 was also
confirmed very recently by
Harry White (8 April 2014).

Harry White observed that for order 6, the
number of distinct concentric magic squares is

736, 347, 893, 760 ' 7.36× 1011.

174240 = 10× 112 × 122 sq. feet = 4 acres.
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The plus-flip and minus-flip/smooth properties June 10, 2014 LM-30

It seems that all 174240 classic bordered
magic matrices satisfy the plus-flip property

(I + F)M(I + F) = M + FMF + (MF + FM)

= 4mĒ. (1)

In 2007 we considered classic fully-magic
matrices which satisfied the minus-flip property

(I− F)M(I− F) = M + FMF− (MF + FM)

= 0. (2)

We then called MF + FM the
“singly-smoothed” partner to M and

M + FMF its “doubly-smoothed” partner.

We then said that the matrix M is smooth
whenever its singly- and doubly-smoothed

partners coincide and so a smooth M satisfies
the minus-flip property.

Trump (2007) identified 1004 smooth classic
not F-associated 5× 5 fully-magic matrices

with the minus-flip property, e.g., the smoothie

U =


25 2 20 11 7

3 21 17 10 14

8 15 1 19 22

5 23 9 12 16

24 4 18 13 6


has the minus-flip property but is not golden:

U2 =


1014 673 779 898 861

660 988 776 868 933

876 871 983 771 724

710 968 896 808 843

965 725 791 880 864


is not a Toeplitz circulant. We recall that the
magic matrix M is F-associated whenever

M + FMF = MF + FM = 2mĒ.

F-associated ⇔ plus-flip (1) ∩ minus-flip (2).
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The matchbox-wizard matrix X June 10, 2014 LM-31

We first found this
Matchbox Label Sweden with Magic Square,
on the “Pinterest profile” on Magic Squares by

Maria João Lagarto.

The matchbox-wizard matrix

X =


22 5 18 1 14

3 11 24 7 15

9 17 0 13 21

10 23 6 19 2

16 4 12 20 8


has magic sum m = 60

the average contents of each box.

The matrix X is nonsingular and its inverse
X−1 is fully-magic. Both X and X−1 are

pandiagonal and Q-associated.

Also made in England? When???
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The matchbox-wizard square: two flavours June 10, 2014 LM-32

“... adds up to 60,
the average contents of each box.”

“ ... adds up to 60,
which is about the number of matches in each box."
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The matchbox-wizard matrix X June 10, 2014 LM-33

The matchbox magic matrix

X =


22 5 18 1 14

3 11 24 7 15

9 17 0 13 21

10 23 6 19 2

16 4 12 20 8


is nonsingular and its inverse

X−1 =
1

600


27 −23 −3 7 2

7 2 2 27 −28
2 22 −18 2 2

−23 2 2 −3 32

−3 7 27 −23 2


is fully-magic.

Both X and X−1 are pandiagonal and
golden Q-associated:

QX + XQ = 0 = QX−1 + X−1Q

where the golden fully-magic Toeplitz circulant

Q =


0 1 −1 −1 1

1 0 1 −1 −1
−1 1 0 1 −1
−1 −1 1 0 1

1 −1 −1 1 0


which has golden non-magic eigenvalues

±
√
5 = ±(2Φ− 1)

each twice. Moreover

1
5Q2 = I− Ē = C

the centering matrix.
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500th Anniversary Celebration of Albrecht Dürer’s Melencolia I June 10, 2014 LM-34

I was very pleased to meet Richard Schroeppel
at the recent 500th Anniversary Celebration of

Albrecht Dürer’s Melencolia I
in New York City (17–18 May 2014).

There I asked him about the count for 6× 6
classic fully-magic matrices, which is not

known but is estimated in Trump’s Table to be

(1.775399± 0.000042)× 1019

with probability 99%.

Sheetlets from Djibouti (2007) & Aitutaki (1986) August 21, 2013 JSM-8/24

We do not know what is represented in the selvage of the Djibouti sheetlet (left panel).

Ka Lok Chu & George P. H. Styan12 Classic magic squares
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Schroeppel’s magic pattern P for a 5× 5 magic matrix June 10, 2014 LM-35

In his talk at the Dürer celebration,
Schroeppel presented a magic pattern

which holds for any 5× 5 fully-magic matrix
M = {mij} with magic sum m.

We define the Schroeppel–pattern matrix

P =


0 1 0 1 0

1 0 0 0 1

0 0 −3 0 0

1 0 0 0 1

0 1 0 1 0

.

Then Schroeppel’s magic pattern says the sum
of all the elements in the Hadamard product

P�M =


0 m12 0 m14 0

m21 0 0 0 m25

0 0 −3m33 0 0

m41 0 0 0 m45

0 m52 0 m54 0


is equal to the magic sum m.

Let
b = vecP

and let eh denote the h × 1 column vector
with every entry equal to 1. Then we write
Schroeppel’s magic pattern as

e′5(P�M)e5 = m12+m14+m21+m25−3m33

+m41+m45+m52+m54 = m
or as

(3)
e′5(P�M)e5 = (vecP)′vecM = b′vecM = m.

We define a 25× 12 incidence matrix A such
that M is fully-magic if and only if

A′vecM = m e12. (4)

Then we find that the 12× 1 vector x = A+b
is such that b = Ax and x′e12 = 1.

Premultiplying (4) by x′ yields (3). �
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1.4. Schroeppel’s magic patterns in 5 × 5 and 4 × 4 magic squares. At the recent 500th Anniversary
Celebration of Albrecht Dürer’s Melencolia I [?], Richard Schroeppel [?] presented the following magic
pattern (??), left panel, in a 5 × 5 magic square, which holds for any 5 × 5 fully-magic square with magic
sum K, e.g., (??), right panel1
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(1.37)

To prove that Schroeppel’s magic pattern (??) holds for any 5 × 5 fully-magic square with magic sum
K, we define the 25 × 12 matrix A with rank 11, the 12 × 1 vector x, and the 25 × 1 vector b with Ax = b
and x = (A′A)+A′b. We note that b defines Schroeppel’s magic pattern (??) above as confirmed in (??)
below.

A =




1 0 0 0 0 1 0 0 0 0 1 0
1 0 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 1 0 1
0 1 0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 1 0 0 0 1 0
0 1 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 1
0 1 0 0 0 0 0 0 0 1 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 1 0 0 1 1
0 0 1 0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0 1 0 0
0 0 0 1 0 1 0 0 0 0 0 0
0 0 0 1 0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 1 0 1 0
0 0 0 1 0 0 0 0 0 1 0 0
0 0 0 0 1 1 0 0 0 0 0 1
0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 1 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 1 0 0 0
0 0 0 0 1 0 0 0 0 1 1 0




, x = 1
2




1
1

−1
1
1
1
1

−1
1
1

−2
−2




, b =




0
1
0
1
0
1
0
0
0
1
0
0

−3
0
0
1
0
0
0
1
0
1
0
1
0




. (1.38)

1“Matchbox Label Sweden with Magic Square 1950s”, from Pinterest [?], “Pinned from ebay.com.George P. H. Styan38 Golden magic matrices
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Motivated by Schroeppel’s magic pattern
we define the bisymmetric 4-parameter
pattern matrix P̂ =

1
t


2 a + d a + b a + c a + b 2 a + d

a + b 2 b + d b + c 2 b + d a + b

a + c b + c 2 c + 2 d b + c a + c

a + b 2 b + d b + c 2 b + d a + b

2 a + d a + b a + c a + b 2 a + d


where

t = 2(2a + 2b + c + d)

vecP̂ = Ax̂; x̂ = A+vecP̂

x̂ =
1
t

(a, b, c, b, a, a, b, c, b, a, d , d)′

with

x̂′e12 = 1.

For Schroeppel’s magic pattern a = b and

a = 1
2 , b = 1

2 ; c = − 1
2 , d = −1; t = 1

and the Schroeppel–pattern matrix

P1 =


0 1 0 1 0

1 0 0 0 1

0 0 −3 0 0

1 0 0 0 1

0 1 0 1 0


For example, with Agrippa–Dominis

24 + 20 + 4 + 16− 39 + 10 + 22 + 6 + 2 = 65.
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If, however, we choose b = c and

a = 1
2 , b = − 1

2 ; c = − 1
2 , d = 1

then

t = 2(2a + 2b + c + d) = 1

and the pattern matrix

P2 =


2 0 0 0 2

0 0 −1 0 0

0 −1 1 −1 0

0 0 −1 0 0

2 0 0 0 2



It follows that

2m11 + 2m15 −m23 −m32 + m33 −m34

−m43 + 2m51 + 2m55 = m.

For example, with Agrippa–Dominis

22 + 6− 25− 5 + 13− 21− 1 + 46 + 30 = 65.
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On the other hand, if we choose a = c and

a = 1
2 , b = − 1

2 c = 1
2 , d = 1

then
t = 2(2a + 2b + c + d) = 3

and the pattern matrix

P3 =
1
3


0 0 0 0 0

0 2 1 2 0

0 1 3 1 0

0 2 1 2 0

0 0 0 0 0

.

And so we see that for any 5× 5 fully-magic
matrix M = {mij} its 3× 3 nucleus

M[3×3] =

 m22 m23 m24

m32 m33 m34

m42 m43 m44


is such that

1

3

(
2m22 + m23 + 2m24 + m32 + 3m33 + m34

+ 2m42 + m43 + 2m44) = m.

For example, with Agrippa–Dominis

1

3

(
24+25+16+5+39+21+36+1+28

)
=

195

3
= 65.
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Three pattern matrices for 5× 5 fully-magic matrices:

P1 =



0 1 0 1 0

1 0 0 0 1

0 0 −3 0 0

1 0 0 0 1

0 1 0 1 0



P2 =



2 0 0 0 2

0 0 −1 0 0

0 −1 1 −1 0

0 0 −1 0 0

2 0 0 0 2



P3 =
1

3



0 0 0 0 0

0 2 1 2 0

0 1 3 1 0

0 2 1 2 0

0 0 0 0 0

.

Each pattern matrix

1 is bisymmetric (centrosymmetric and symmetric)

2 has 16 entries equal to 0 and 9 nonzero entries.

For Agrippa–Dominis

P1 : 24 + 20 + 4 + 16− 39 + 10 + 22 + 6 + 2 = 65

P2 : 22 + 6− 25− 5 + 13− 21− 1 + 46 + 30 = 65

P3 :
1

3

(
24+25+16+5+39+21+36+1+28

)
=

195

3
= 65.

Any others? P4, . . .
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We seek a pattern matrix P4 that

1 is bisymmetric (centrosymmetric and symmetric)

2 has 16 entries equal to 0 and 9 nonzero entries

but 6= P1,P2,P3 above or

Pdgs =
1
2


1 0 0 0 1

0 1 0 1 0

0 0 2 0 0

0 1 0 1 0

1 0 0 0 1

 =
1
2

(I + F)

Prc =
1
2


0 0 1 0 0

0 0 1 0 0

1 1 2 1 1

0 0 1 0 0

0 0 1 0 0

.

We recall the Agrippa–Dominis A,
Stifel-stamp S, Matchbox-wizard X

A philatelic introduction to magic squares of 
Michael Stifel (1487--1567), Albrecht Dürer (1471--1528), 

Benjamin Franklin (1706--1790), and 
a Latin square of Felix Klein (1849--1925)

by George P. H. Styan
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