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Basic assumptions and definitions ity f
s eheir
M3bius functions
. M. Mattila
» Let S={x1,x0,...,%,} be a finite and GCD closed subset of
Z, with x1 < xo <+ < X,

> ie., ged(x,x;) e Sforall i,je{1,2,...,n}

Introduction

» Let « be a positive real number

» The n x n matrix having (gcd(x;,x;))® as its ij entry is the
GCD matrix of the set S raised to the Hadamard power of «
(shortly power GCD matrix) and is denoted by (S)ya

» The nx n matrix having (lem(x;, x;))® as its ij entry is the
LCM matrix of the set S raised to the Hadamard power of o
(shortly power LCM matrix) and is denoted by [S]na

» In the special case when o =1 we obtain the usual GCD and
LCM matrices of the set S, which are denoted by (S) and
[S], respectively
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The LCM matrix of a GCD closed set S is always invertible.

Later it has been shown that

» The B-L-Conjecture holds for GCD closed sets S with less
than 8 elements (i.e. the conjecture holds for n < 7)

» For every n > 8 there exists a GCD closed set S such that
|S| = n and the LCM matrix [S] is singular (i.e. the
conjecture does not hold generally for n > 8)

This raises a couple of new questions:

» It is not sufficient to assume that the set S is GCD closed in
order to guarantee the invertibility of the matrix [S], what
further assumptions are needed?

» What conditions quarantee the invertibility of the power
LCM matrix [S]ye for all a > 07
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[SIne =diag(xi’, ..., x7)(S) 1 diag(x7', ..., 7). M. Mattila

Introduction

it follows that [S]wye is singular if and only if (S)N% is singular.
Further, since the set S is GCD closed, we may define the
function Wg 1 on S as

s (xk, i)
2 ()= ) (1.1)
Xp | X k
By a well-known determinant formula we now have

det(S) 2 =Ws 3 (a)Vs 3 () Vs 3 (xa).  (1.2)

s ch

Thus we may conclude the following result.

The matrices [S]ne and (S) 1 are both invertible if and only if
SN%(X,')#:O foralli=1,...,n
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The following lemma is going to tell us something important Mabius functions
about the zeros of the Mdbius function of a finite meet 0. Erh
semilattice. orernertton

o,
Let (L,<) be a finite meet semilattice, x € L and
Ci(x)={yelL|x covers y}. Denote & (x) =N C.(x) if
Ci(x)+@ and & (x) =x if Ci(x) =2. If

z ¢ [E(x), x] = {we L] & (x) <w=x},
then yy(z,x) = 0.

The proof is left as a cumbersome exercise (requires double
induction: first on the size of C;(x) and then on the size of the
interval [z, &, . (x)[.) O




Conjecture on singularity of LCM matrices ity o
It can be shown that if S is an odd GCD closed set with at most o ia semilattice
8 elements, then the LCM matrix [S] is always nonsingular (an DB (frefear
odd set is a set whose all elements are odd). Hong took this idea 1 29h

even further by presenting the following conjecture.

Conjecture (Hong, J. Number Theory, 2005)

The LCM matrix [S] defined on any odd GCD closed set S is Clttbaflyy ol i

usual LCM matrices

nonsingular.
However, this conjecture fails already when |S| = 9.

Theorem

The above conjecture does not hold.

Proof.

Let us consider the odd set

S ={1,3,5,7,195,291,1407, 4025, 1020180525} =
{1,3,5,7,3-5-13,3-97,3-7-67,5%-7-23,3-5%-7-13-23.67-97}.




The proof continues ingutorty of
LCM-type matrices
We obtain ctrachnen ol thei
M3bius functions
s 1 (1020180525) p—
1 1 1 1 1 1 1 2
+-+--1=0,

~ 1020180525 4025 1407 201 195 7 5 3

and thus the matrix [S] is singular.

o
S

-1

Singularity of the

usual LCM matrices

Figure: The Hasse diagram of the counterexample. The left figure
shows the values ps(x;, xo), the right shows the respective elements of

S.
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Odd singular numbers ingutorty of
LCM-type matrices
A positive integer x is said to be a singular number if there exists o ia semilattice

a GCD closed set S = {x1,...,x,}, where 1 < x3 <+ < x, = X, pBbiuelfusctions
such that Wg 1 (x) = 0. Otherwise x is a nonsingular number. Mk L
Moreover, x is a primitive singular number if x is singular and x’
is nonsingular number for all x| x, x” # x. Hong conjectured that
there are infinitely many even primitive singular numbers. About
odd primitive singular numbers he cojectured the following:

Conjecture (Hong, J. Number Theory, 2005)

There does not exist an odd primitive singular number.

The earlier counterexample disproves also this conjecture.

Corollary

There exists an odd primitive singular number.

Proof.

We know that 1020180525 is an odd singular number. If it is not
primitive singular number itself, then it has a nontrivial factor
which is an odd primitive singular number. O




The case with real exponent

So far we have been studying the singularity of the usual LCM
matrices (with a = 1).

How much easier would it be to find semilattice structures which
yield singular power LCM matrices, when the exponent « is
allowed to be any positive real number?

We begin our study with two illustrative examples.
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Example: chain semilattice

Let L={z,2,...,2,} be a chain with z; < zp <--- < z,, let a be
any positive real number and let S be any set of positive integers
such that (S,|) = (L, ). Then we get

1
Ve 1 (xq) = 7MS(X1’X1) =— >0,
% =
and for 1 < i < n we have
1 1
Vs 1 (x5)=—-—<0
e XXy

Thus [S]ne = [lem(x;, x;)®] is invertible for all o > 0.

I

22

Z1
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Let (L,<) be the four element diamond meet semilattice. Mk L
Suppose that S = {x1,x2,x3,xs} ={1,3,5,45}. Let « be any
positive real number. Applying (1.1) we obtain

1
\Us,m%(l):l, \llsﬁm%(3):3—a—l and \US (5)—7—
eperoach ot

which are all nonzero for all o > 0. However, Ay Pty of pers

LCM matrices with

real exponent

Vs, 1 (45) = ?—57—3—a+1,
which is negative for o = l and positive for o = 1. Since
Vs 1 (45)is a contmuous function of variable «, this function
must have zero value for some positive g (this «p is located
approximately at 0.328594). It follows that the matrix
[S]neo = [[xi, x;]*°] is singular. Thus the diamond structure
does not possess the same property as chains were proven to
have in our previous example.
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Although we just found one set S that yields a singular power M. Mattila
LCM matrix for some positive real number «, not every set of
positive integers isomorphic to (L, <) has this property. To see
this we only need to choose S’ = {x{, x5, x5, x; } = {1,3,5,15}. |
this case we have

Vg 2 (i)=WVs 1 (i)#0 foralla>0andforalli=1,23, :_:;:L::;E"::;“”
LCM matrices with
but also real exponent
1 1 1
41— (5"-1)(3%-1)#0
7Na ( ) 1504 5a 3a 15&( )( )

for all &> 0. This means that the power LCM matrix
[S"]ne = [[x{,x]]%] is nonsingular for all o> 0.
Z4

Z3

4]
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A theorem on how to find singular power LCM singularey of
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Sometimes the lattice-theoretic structure of (S,]|) alone tells us M. Mattila
that the power LCM matrix of the set S is invertible for all > 0.
On the other hand, in the remaining cases the information about
the structure of (S,]) is inconclusive and does not reveal whether
or not all the power LCM matrices of the set S are invertible.

Our ultimate goal is to characterize all possible meet semilattices

Lattice-theoret

(L, <), whose structure is strong enough to guarantee the approach o
. o eqe . singularity of power
invertibility of the power LCM matrix for all GCD closed set LCM matrices with

real exponent

(S,]) 2 (L,<) and for all @ >0.

Let (L,<) be a meet semilattice with n elements. Assume that

there exist elements x,y1,...,ym (m>2) in L such that x covers
Yi,--sYm and p;(y,x) >0, where y =y; A+ A yn. Then there
exists a set S = {x1,x2,...,x,} Of positive integers and a positive

real number o such that (S,|) = (L,<) and the power LCM
matrix [S]yeo = [[xj, Xj]*°] of the set S is singular.




Studying the

The prOOf singularity of_
LCM-type matrices
Let us denote L ={z,...,z,}, where z; < z; = i <j (in oo semilattice
particular, z; = min L). We begin by constructing a GCD closed HLTTREILID

set S’ = {x{,x3,...,x,} of positive integers such that 00 pail
(8',]) 2 (L,<). Let pa,ps,...,ps be distinct prime numbers. We
define x{ =1 and

X =pilem{x{|j<iand zj <z} = [] p;
1<j<i
Zj<z;

Lattice-theoretic
approach to

singularity of power

for 1 <i < n. It is easy to see that the set S’ is both GCD closed o e AP
and isomorphic to L (every element of S’ is either 1 or a real exponent
squarefree product of different primes).

Now suppose that x/ € S’ is an element such that it covers the

elements xll,x, ..,x,’ €S’ and ps/(xg,x;) >0, where
PAED N x A /\xm Let r be an arbitrary positive integer.
Now let S(r) {x1,%2,...,xn}, where

! H ! !
._{Xj if i + .
; -

ry/ 3 / /
pix; if xi|xj.

Clearly (S(r),|) = (S",]) = (L, <).
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Let i be as fixed above. Then x; = p/x/. Let r be sufficiently large
(to be specified later). We define the function h; , : R - R by M. Mattila

L psr) (5 xi)
hir(@) = Vs, 2 (xi) =), e

Jj=1 J
By Lemma we .know that pg¢,)(xj, %) = 0 for all x; ¢ [x, x]. L atricetheoretic
Thus the function h; , comes to the form mﬁ:ﬂ;;:‘ ower

LCM matrices with
real exponent

psin (%) 1 5 s (r) (XK, X;)

hi () =
algls % X% a“
1 s (r) (XK, X;)
= s ry (Xi, Xi) + Z Y
x; x; a
1¢a\q

We are going to show that the factor on the right goes to zero
for some a.




The proof continues
We have
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aXj , Xj

lim (X?(h,'J(Oz)) = HUs(r) (X/ﬁX,') + lim Z Mak’l) M. Mattila

—_——

—0 as a—o
= ps(r) (xx, xi) > 0.

The definition of the Mdbius function ps(, implies that

XI?(hi,r(o)) = Z Hs(r) (Xj,Xi) = 55(,) (Xk,X,') =0 :.:;:L::;.f,h::;“ic
x| x5 | xi LCM matrices with
real exponent
since x; # x;. In addition, ’
dOxhir(a)) _ S log( a)w
da 1 x; & a«
#a| -

Hs (axk,x,) Hs (XHXI)
=] > —log(a )7(')3 —rlog(p,)log( )(’)
a|i
xk

a;tl,xl'(
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Thus when the integer r is sufficiently large, we have

d(xXh;,(«
J8rt)) () = 5 log(a)usir(axk,x)
« al ;
a#l,‘f—l‘;

M. Mattila

/
Lattice-theoretic
- r|0g(p,) |Og Ms(r)(Xk,X,) < 0 approach to
singularity of power
e LCM matrices with
\ﬁ/—’ >0 real exponent
>0

Thus the function xg'h; ,(a) obtains negative values for some
positive c. In addition, xZ'h; () is continuous. Now it follows
from Bolzano's Theorem that there exists «g €]0, oo such that
X, *hi.r(a0) = 0 and therefore h; (o) = V() 2 (xi) =0.
Proposition now implies the matrix [S(r)]yeo has to be singular.

O




A characterization for the class of meet
semilattices which yield singular power LCM
matrices

Let (L,<) be a meet semilattice with n elements, where
L={z1,2,...,2,}. Then the following conditions are equivalent:

1. The LCM matrix ([x;,x;]*) is nonsingular for all « >0 and
for all sets S = {x1,x2,...,x,} ¢ Z* such that (S,]|) = (L,<).

2. L is n-tree set (i.e. every element covers at most one
element).

3. Forall zi,zje L: (i (zi,z) >0 = z = z).
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The proof

(1) = (2) First we assume Condition 1. Suppose for a
contradiction that some element of L covers more than one
element. Suppose that z; is minimal element such that it covers
elements z;,,...,z;, €L, where k >2. Let z, =z, A~ Az, . If
11 (2., 2;) >0, then the previous theorem would imply that the
matrix ([x;,x;]*) is singular for some o >0 and S c Z,, where
(S,]) 2 (L,=). Thus we must have

pi(zezi) == Y. pi(zr,z) <0.
Z,27;<z;
Let z,,...,z,, € [z,z] be the elements that cover z,. Here
m > 2, since otherwise we would have z, < z,,...,z, and further

z, <z, £z;; A+ A Z;,. So we know that the terms

wr(zr,z,), ..., (2, 2, ) appear in the nonnegative sum
0< Z wi(zr, zp)
Z,-SZj<Z,'
=i (zr,20) + i (zey z) + o+ (2, 2,) + ),
le,..A,Z'm<Zj<Z,'

=1-m+ >

Z,1 ’”"Z’m <Zj<zj

ﬂL(ZHZj)'

NL(erzj)
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The proof continues

Therefore there exists z; > z, such that p;(z,,z;) >0. This
means that z; needs to cover more than one element (otherwise
we would have p(z,,z;) = -1 or ui(z,z;) =0 by Lemma). This
is a contradiction, since z; was supposed to be minimal element
such that it covers at least two elements (and here z; < z;). Thus
condition (2) has to hold.

The implications (2) = (3) and (3) = (1) are straightforward.

O
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Conjecture (Hong, J. Algebra, 2004)

Let «#0 and let S = {x1,...,x,} be an odd-gcd-closed set.
Then the matrix [[x;,x;]*] is nonsingular.

M. Mattila

Introduction

Conjecture (Hong, J. Algebra, 2004)

Let o +0 and let S = {x1,...,X,} be an odd-lcm-closed set.
Then the matrix [[x;,x;]*] is nonsingular.

Conjecture (Hong, J. Algebra, 2004)

Let S ={xq,...,x,} be an odd-gcd-closed set and f a completely
multiplicative function. If f is strictly monotonous, then the
matrix [f[x;,x;j]] is nonsingular.

Solutions for a
couple of conjectures

Conjecture (Hong, J. Algebra, 2004)

Let S ={x1,...,xn} be an odd-Icm-closed set and f a completely
multiplicative function. If f is strictly monotonous, then the
matrix [f[x;,x;]] is nonsingular.
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